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ABSTRACT

Manufacturing industry is the mainstay industry of a country, which can directly
reflect a country's productivity level, including “additive manufacturing”, “subtractive
manufacturing” and molding manufacturing distinguished by different fabricating
technologies. Manufacturing industry is a typical interdisciplinary field involving
materials, machinery, control, communication and many other aspects. A large number of
geometric problems are involved in the model designing process (CAD), the mechanical
simulation analysis (CAE), the final process planning (CAM).

This dissertation focuses on the geometry and application problems in the intelligent
manufacturing. We pay attention to the space filling curves used in additive and
subtractive manufacturing, domain decomposition problems during the setup planning for
fully closed freeform surfaces. Regarding to the application problems, we propose a
creative modeling method of perforated lampshades for continuous projective images.
Main contributions of this dissertation are presented as follows:

1. A globally continuous and low-curvature tool path for additive manufacturing

We introduce Fermat spirals to “space-filling” curves and develop a new kind of
“space-filling” curves, connected Fermat spirals, and show their compelling properties
as a tool path fill pattern for layered fabrication. Unlike classical space-filling curves such
as the Peano or Hilbert curves, which constantly wind and bind to preserve locality,
connected Fermat spirals are formed mostly by long, low-curvature paths. This geometric
property, along with continuity, influences the quality and efficiency of layered
fabrication. We demonstrate that printing 2D layers following tool paths as connected
Fermat spirals leads to efficient and quality fabrication, compared to conventional fill
patterns.

2. An iso-scallop tool path for subtractive manufacturing

We generate a continuous, space-filling, and iso-scallop tool path which conforms
to the machining patch boundary, enabling efficient carving with high-quality surface
finishing. The tool path is generated in the form of connected Fermat spirals, which have
been generalized from a 2D fill pattern for layered manufacturing to work for curved
surfaces. Furthermore, we develop a novel method to control the spacing of Fermat spirals

based on directional surface curvature and adapt the heat method to obtain iso-scallop

I
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tool path. We demonstrate iso-scallop Fermat spiral carving paths for freeform 3D patches.
Comparisons are made to tool paths generated by commercial software in terms of real
machining time and surface quality.

3. Setup planning of fully closed freeform surfaces in CNC

Setup planning methods from the CAD and manufacturing literature have mainly
focused on CAD models. We present an automatic setup planning algorithm for
subtractive manufacturing of freeform 3D objects. Our method decomposes the input
object’s surface into a small number of patches each of which is fully accessible and
machinable by the CNC machine, in continuous fashion, under a fixed cutter-object setup
configuration. This is achieved by covering the input surface with a minimum number of
accessible regions and then extracting a set of machinable patches from each accessible
region.

4. Fabricated perforated lampshades for continuous projective images

We present a new halftoning technique for designing fabricated perforated
lampshades that project continuous grayscale images onto the surrounding walls. Given
the geometry of the lampshade and a target grayscale image, our method computes a
distribution of tiny holes over the shell, such that the combined footprints of the light
emanating through the holes form the target image on a nearby diffuse surface. Our
objective is to approximate the continuous tones and the spatial detail of the target image,

to the extent possible within the constraints of the fabrication process.

Keywords: additive manufacturing, subtractive manufacturing, tool path planning, setup

planning, space filling curve, halftoning image
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PR PR, — Pl WA B R4S TR, — MR ST AR BRI B S
FEMTE A 1 22 A8 A R O RE P f AR, 30 45 3ol B2 AN A 36 4 P 2 0 I S PRI S
RTHILAE, Oy 1 ORAUE S LN [R) Y RS B L A R AN R A B R AR AL, b2 il AR
A R I 5 2 IE & 5%t B8 AR AR AR AL, T XA AR B K PR 088 42 1) 2R e A i i
HEPEFIBE AR IBAT W N (RS HESE o 45 I8 LA DIRC &, A5 R AR BRI B AR B 4
B2 MBS TS BURSH TR R BLR s K R B AR 3 BRI AR T 5T A8
UL, (R I 2 T I 2t — 259 K ey T )3 G 4 4n e BLAR = 1Y
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h 28 K 2218 4 22 7 X
BELE TR, R I A4 A AR I 7 BEAE B B 2 (I [ 2 P Jeade A i e i A
Ik, > ST 1 S AR ) AT B g I DL B A3 P o B
1EREN,  ANITTIE 3 i ROR i o A 1

]
[
]
[
]
[
]
A ]
I O
]
[
]
[
]
[
]
[

(a) AT H AR (bR FRTAT B/ AR (c)Z ] HH 78 H 25
B 2-2 3 AF 3 R P AR LRI i

2.2.3 HTHBBE SR BREITERE

FURT, 7 P = ZE ST ENBRA a5 P PR 08 A 1 36 A T SRS i A 2 A PAT it
G BTAT AR, A 2-2,

AT ERAT, B AU HAPAT I B BR AR AE X IR N AR IR R,
WK Zigzag BRAEI). ~PATHMERAE, 2 —MAMRETCRIIBRAR A TR, XT
Ph A PO R 4 DGR SRR, (HR R T 4R T EUA R A i X e
EPRIEESLE . AT P A R RO /DT H BT, A G e
il 73 R L

FERRTATRRAR, S R DXIRAE 1A B (0 — R4 A B i B 2 ZH RO, R P AT
JIE B DRAEST BN ER A A SR T SRR 0 TR A ) B 2 X, R T
ITBRARHI I PR SE A, iR AR B B P f B B, (B BRAR B SR AR 22, A
7 P25 1)l B 2 ) S A L AN SR 1

— AR A T E M R 2 ST EAE R A R R IC )2 I, AR PR XA
SPAT IR BRAR T, S DX IR B AR doe S0 0 DX A ) LAR HE R T AT B AR o IS
JHERIER S AE T, PRSI A BR AR 752 0 142 XIS PR SR 78 Jo e i ARALE » G
i BRI A, AT 4R 1SN B R A BRI (concavities) , PIAY
BEAR R J5 9% 5 1 AN EE B Y i
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I N e V'S

() IR e Lk (b) e L IRjE Lk 1 ()9 HIRNELL 2
Bl 2-3 BRI 2 LY U e £k Syl

2.2.4 BRHELRER TR

Kl 2.3(a), SRBHELERACAEREE N TR 2R A5 K N AR® 2 ), Held A
Spielberger 55 N — AN A% ) 4 R e X 350 F D AR LS AR RTS8 e 2R 3H 5 1Y
T X, 2 TE T B AR R A R AR I T A& X, BRAR BRI S R . iR
LRERARAE R 36 P N D, L T B DR T IR e R B A 25 U L 22 o B A A
X = YA Y) AL B2 )5, A0SR AR P9 R AR AT R RS R R e L e A, =
BUMARZ Z [ AR AR ELZ N, ANA 4T BRI A 15 7 18] 0 ) 220 T, 29 0R, 1X—
I A LI AE AR AR D) A 2 A L AS [F] R A AR 7 ok e

2.2.5 F[EEFE L

2 [a)EFE ML (space-filling curve, SFC), WIF 2-2(c), s&3E7E 4k X I —LL4d
NI TEAR S ALY, Bt Hilbert 73 JEHIZE, Peano 732k, 75 [ HE 70 i 42 B
ARz, BlnEIGAE Rminta, SRE BB i3I8, 23 A 7 dh 4R 5k b
IS FH T30 3 ) R A R4 . SR, s IRV 70 il 42 b ST I 7 ) 48, T BN [)
SR, F HATEN SR 2 BEAIK. Rt SFC b Z7E i F I = 24T BB A
RN A A SR L e/ o SR, 25 IRD3E 7S 1 2R 70 2B B BE A L it A5 1T w7 FH AR
B, BRI PR AR 1) R R R R B R B R K S A
FAMER S A1) —4E X 4k
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h 28 K 2218 4 22 7 X

.
=\ [

]
]
|
|

ll ]

LN E SR e Bl LE bl Eres o
P 2-4 e X I o i A2 R 5 72

2.2.6 BT XHRI 5 R EHK

T BCE A G BR AT LRI B AR IR S, IR Z AP SR T T X 4y
RIBRAT NN 77 o AR A FARAE T4 — A 4R350 X 38000 il v 2 A mTAd R 24T
EIBS AR IA TR B X3, K BT A+ XS0 42 5 B AT A il — 2RI 2R B T Ep g AR
Dwivedi 1 Kovacevic 58 N\ R — 4578 X 38 i ML ol 21008, fERA IR
ZTE AR B A AT A, TR S A AT B AR — SR Rk AR,
WK 2-4 /£, Ding 556 AU — 2 3@ X et 471 40 i *Alﬂl%ﬁﬁéliiﬁﬁ
LN B HFAT R B AT DT 0], BT 2 a0 ] X G S BRI 45 3 — AN
FTENERAT, Il 2-4 4Bl SRR AT R el xt 21 ﬂﬁm)\lﬁﬁ%éﬂ
R, WTEEFELANEIR, KM TAE.

IR AR T B AT SR S H ) XA DT v, e B R T 2
iﬂﬁﬁ*ﬂﬁiﬂ%iﬂﬁ? S LT AT AR BRI o o T B 2 A0 X ek, A

SEERAR I AT R R AR BT 2 32 BRI s X T 2 X8, ] AAEAEAR 7 [
Tiﬁkk_ L AT R R AT

AFEALIR AR B AR R 7 VR R A “ o3 Tiia 2. W X3 #1077, ANFE
ZHAET, AREEALR SN AT AR B 22 T X 38, AT DUAR BP0 3 57 X3 U7
T XA I IR e LG BR AT o T AT Bh T LART R 1R 22 3 TR X B mT DA — Sk B e 2k
LI, YA XA AR AT AT I A R IR R
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« start point
« end point

P 2-5 FH1 9 25 R L TR REG PR MR TR 2 2 B ) 9 R g 2k
it ML A0 573 R 2R AR RIEC A6 s, 2 O D B S IR 4 1 0

2.3 RO RNEL

T SR ek (Fermatspiral) , HIBHON “MEAREAFKZ T HITEEZE A 82K
Jili Pierre de Fermat $& H ) — PR e 400, 9 LB fig 2k 2 — Fh A 3 A R (1 2 (R SH 78
2k, H Y 2 AT TN B 70 AT 0 TR e LR AL R, — 2% i Ah 1] A ZE RS BR TiE 2 A — 2%
PRI SRR e 2R, an ] 2-50 ASCIURE 2 DR ie R A O — o i) S A it A U
I T 23 [ 78 XM AR B, 2 B4R T 9 T e 28 B FH 2 113 7e ih 2R R A
RAFFAE, DL 3% h MR ek i A2 T

2.3.1 = [EBR FE ML FHIE

PEBATPTHRN, % AR L B VRO — P HE A ) 22 (W) 3 78 1 2 2 F 164 il i
WIE AR . ARy — R i lal e ih 2k, P S uRie i RARFPEAE T

1, SRECPATIIEREL, 52 PREE X G A B A

2, — kIR AL i — DN SRS R A
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AR KZEELE2Z=AMB X
3,  BRIGMBNELR (AN A ity s E AL T X S SN, HR g AR X A A R
FrER UAERAR L, WK 2-3(b)A 2-3(c);
4, JEITTEN ARG AE BAER L, 2% BIRTEL T DUE l— kI LL 1

SO0 00

(a)
K 2-6 (a) WEE R AT %45 BXEl (a) iR A A IR FCERAEAT WOt 5 BB, 521K (b); R
KRR E (P g iE 26 M(@F(c) o 1 5k WHBAT 0L, SEPriissT
P RE R E (RO, BI—NAAAE 2 ATl ()R X8R T rTER e Y [X 4k

!

232 A%

T IR e LR I A UL R £ B A =ANP IR, e T4 8 I R X, AR
FRGHT RS R R A, RS S XIS R P 253 S (2R AE 0T B s SR 545
B R RN EE LA OB E: B 5 TS BB e R, AE 2 IR e 2k Bt 42 o
TEAE P TR R I R b, BRAR IR 0 m 2 P DATE X 38000 I AT R 4%

AR5 RFRG E I _4EIX IR, FFF50RFRXIERIAT . LLORAIL T
FeAt, I RR T HLA BE B AR AT 7ELE DR HP S B B AR 379, o R0 AT
Mip € RXF ML IIFR EAB O R (p) 7€ SN Kip B0 SR OR (¥ 55 0 BE B34 « PR 25 AR 539 HAR
AT p e B A d a2k . XIRR I FORTT LLULEE A 0 1%
%k, MRAEFT ENmEEST ISR 22 (1 T2 FEw,  FERE B A7 30 THEBUE Aw 5 HUT
SEAHLL, M 2-6()FTR, XS L S B F ST AN HLR BRI B OC R

19 S5 A AT P S5 2 T DB S T 7 R S B — SR SRR A%, 1] 2-6(D).
2k 28 LUK R P W7 P-4 1 7 20K BT A AR AT P S5 e R e, AR U ie 4k B A2,
W 2-6(c). WIHRXILRIIEE B AREIHI RA — AR AAE AL, W SUZIX IR
ﬁTimﬁﬁﬁﬁ%%@mBﬁ,m@zwmﬁﬁ%ﬁgﬁwﬁﬁﬁﬁﬁ%mﬁ
AL ZXIRRA RIS LISy A B SR IR e 242, an &l 2-6(d).
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h 28 K 2218 4 22 7 X

O(p) p1 Pout  Pin
_oP " N{p '
B
p
(@) (b) (c)

K 2-7 MR L (a) R AR BB SHUR TR 2 (), (a) iR heZem b AT 8 ip S HAH < AR 52 i 1)
L), BEREIT M O(p), KIS Ar AT A5 B(p), JR A NP (D) Aipi i Ep, =
B(Pour): BbHEEIp, = L(p) KBTI ELFp; = B(L(B(p1))): (c)¥ LR gLk

Dt Lh IR i e % A2 T ALE L3 o TR A R B R R e 2k i At ) B il b AR AR 2
75 SR IR £ 1) 9 R e 2k i R fod R v, AT DUME Rk 3 9 S MR R R I P AR

Ui S AE XS AL OR BT AL IR E

N TAE TR XA 18, BT E A — SR/ 5 0 . ARBUR ikt
—rip € m, MR R BE AR R0, LR BR T TR T E, SR LR Bk AR A A
FERE R, WA RS L(p) R . A Rp B AR B9 K DAL B, 1%
AT R AT BEFFANAFAE o FH LAV S IR0 B2 7 1) B 1, SR HE 2 B AR IS RUNO (p) o
HRph TR e e i AN AL BN, 23850 (p) W AT BEAFAE . H7E L HJIX LY
A8 KL(p) IO (p) By B4 i tH IRLAE 9 SR e 2 i) A= B R

N TR TR O IR R 2 i) A UL R, AW g iR e den ) sip € miE AT
JERLER R . WEEEREARNNIERTT IR, & SRR )2 —A iV Er
FE X 300 FHA I A S i, e — A RUONFRIT R B AR B30 g i KAB AL F3 80— 4K

Ui o X TURIE L FARE M Rip, q € m, A5 MBS 15 S sl 17 A Sy s g 3 A

FiB B Rp B Rg, WE S Rp A RqRIRTIR R, RqNRpRIJE A . MIREZ
e AR Sy enth R, WETS AT T HwRIE S, 53 5B(p) M
N(p), WK 2-7(@)f7,

L pin NIFIEL ST I 1, RUE 28 IR IR ) 2% 5 ik Atm X I A1 FE AR Y
FPout» WA 2-7(b)e M Mipi, 1 K ITE IR IR BRAZTATEEL BIpy = B(Pour)» )5
AR K1 = B(Doue) M IEREEETT M BEH: Blp, = L(py), kEENVE IR I L IETT [FIAT
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h 28 K 2218 4 22 7 X
BEEFEF Kip; = B(L(B(p1))), ZJa QKL IEBEEETT MBS, B2 23K X i) At o
2 Ja MR i 237 3 DX 3 rP o PR AR i e R T A IS Ao P 1 73 T e oA 3 i 38 14 Bt A2
BN — AR, BAA N IR, Ak 2-7(c).

4

K 2-8 i B IR BRLL (AR S, () X B AR R R B SR £
(b) S LAt 0 DU AN T DA R B SRR e ) 1 X3 (o) B S MR ERIE RN — R SRR s
(e Ao P €0~ Ao 9 A X 2 30 B R e 2 HEAT AT AL R

(d)

2.4 EiB 37 DIREL

X AR R AR R AN B XA, #RT DA B TE B R R 2R AT . A R 4
T B YR 4 ) AR A R . SRR AR LA O TR AR T ey T b i
M IR B 8 A 2 477 R BB ) S 26 o of 1B B A B39 FP R AR AE — MR AE AT
AIXARR, AT LA N ] SCH R B 7 iR il Bl SR e 2k .t 2-8(a), AT HIIL
2 RRAA S BE B A 10 p X B DX IR, T A 40045 (B 4 P 3@ P 9 43T
W DXIER T O P AR BB E R e 2 ) 1 X 42k, T 2-8(b)o  AEREAS T IX 4k N A A
TR RRL, R IR O SRR R B AR SR AE, ] 2-8(c).

T B[RS 5 A R 22 1) B8 FEw, 8 ST ANBE B b3 B30 AR B S £ 1A
FRIaBE . ASSCEILIE A Johnson 25 A\KJ Clipper 5125 X R ) BE B b5 4%
Og» M PIREERARIA B IwW SRR B Lo BREELAR T NC j, Hhidor
AR X B R ORMBEBIE: d(R, Cj) = (i — 0.5)w; JRNZEMLAITHE
B8 FORWIFE M Ad(OR, C; j ) WISHEL PR SIE. i, ¢l ARXEY
FORA L, SEHLC, ;MC, o BIIAFORMBEBEANSE, 7] # j'» FHLC, ;MC, LR
B b i AL AN IR 4 R B R AL A
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h 28 K 2218 4 22 7 X

Ro

@® Typel
‘1,1 @ Typell

(b)
K 2-9 T IRBEIEE A A IS It IR IELE, () R A N A R LLAE e S R e £ Y
T X3, O BER A PHIR L I WOT AN S IRAL S (b)IEE P BRI (d)Isk T
W IRBRAOE Y I — S Sk AR

2.4.1 BBHEEEN

FT IR E 0, PR S E ARG L, MG —FRROy “IREEIER ” FR
TEEEHIT . RS H L, 0T MR e T — AN 2 AR EE L, M Cy
A LA P e () 7 2O R T R, D) JH ko o7 8 g e S T ) 9 1 al EL A7 AE — 2K 14
5E AL WAL ELARL 9 3 0 L M 2% S R AR B K/ o T I RE— N IR e S A
T, R —Ff AR 5] b Fg s P 7 208 A7 0 45 (8 B HE 7y — SR SR A%

N TGRS EANT, 1 5 75 2R S 2 e & LA O IR E B G F:5%
LR Cy 0 MR HEEIE B — 1T e € XA SR IS EERC, j N C o ZTB]
LT N

0:;0 ={p€Ciyldlp Cirj) <d(p, Civrn) k #j'},

Hr, d(p, O)Fom Sp B EAHLLCIME 11 s 1 Fl B B Oijjf%XT%ﬁ
LCy jMC 4 jr BT ABBOIT FREREIBRAZ B 40 450, 0 AF2, MIEIRIEE B E G
Cy jANC o jr 0 LT RUZ IR N —2%340, A FIALEE e SO “ @A 0, ; o K BE AR
B AR Gkt 15 B Y J R AE T 30T AT DU D B RO B AR T S 1

AN (AR e T B GGG SE A TR IR /N AE B (minimum-weight
spanning tree, MST) PSWEJGIRHEIEEMT . SEE Lk Cy o N 7 £UE SOYIR g% E
WHIARTS A, Al 2-9(b). BRBEEEEM T, 5 ST /N T B T 9 B2 757 Ry
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h 28 K 2218 4 22 7 X
IR R, KT PR oy DR s, RO LR 0 T 2 b T el . Wl 2-
Ob) TR LA A&, AT AR R 2% 2 R Lk . 10 ALY O B AEE
LR AN A, KT DX B S IR e A R B — SR ISR AR

K 2-10 7 2% B £ ) AR

2.4.2 EBERIEERR

N T A SR SRR AT, R — A AR R = F 7 A MR e A TP =1 e
KU RS, 3 PR A T o (23 P RE ey, A7 A5 P 7T A B e 45
8, oA SRR T 1 BT 20 A0 DL PR S 2 X 78, 4%
SO i B SR L AR B BER A BT X B B AR L, A 2-9 HUT X R, ;
o R F AN S R R A T AR ) 1 9 IR 2 AT T ALY SO BN 22
[Alo A 2-10 Fw, K7 9 SR e 4k AR 4m a5 AR QI A T R4 g B S5 26 Y i

ST A

[
= D)) \W/@@»}

B 2-11 1Ei8 %5 S ge s i,

FWE: PUCRTEE 2 IR e AR A DUi )R I 2 B iR e Lk kA

- @//
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h 28 K 2218 4 22 7 X

2.4.3 ML

A I T B S R R LR B AT O RS TR o X R HLi 2 SR IS . AR,
2 AR 9% R e 2k W AL COMELE, W] REAFAE ] B AN SO R AR AN TR 1) 1)
il 2-11 B VE—)E 3D IR, FEMARAEE — B 2R% T, dEid
JRIFROEA T3 IR R AR A R 38 )34 38 2% By IR MR e 2R BEAT T A AL BE . B 2-11 P,
T EUOAARAL T OB A, A O R B A2

f; ] N+1
S IR TN v

Kl 2-12 mip; B AR HERAT I 5L R PR R 150
el R T AR by I Rl U AR AR TV

T B R IR 2 %Ak R B ASIEBUREE AL H RFE TAE R 2R Ty 2

VEIBCRAE R, LE #0307 D B R AL i, ISR SOADY, L R e
FEQRFFIT ERAR 50 B — B LR AT T, XERAE AT R AL B8, B RIR
A AR REAT T B H o MG RO B, AR =AM TR SRR SR
BTREE, PR ARFER AR 8 FE AR R AT BT frogu = Salpip?|” FRRE LR
BRI, HPipy, ., oy IR R |pipf [FoRlppd A BE s P Rt B A 41 5
BB N famoorn = 2ol = u)p; + wipivz — pisall? » 3 H w = |p1p?|/

(pap?| + [pi2piia);

N?/\ﬁpi,ﬁﬁﬁﬂ@ﬁ%%%%% ML PR, —Fh oyl Al
PRI b, WA 2-12 EE —MONEGE RO AR AL BRI T AL G 2-
12 A W 2-12 HEIFR, 585 M, i sa RoRN:

(pi-p))" (pj- p,+1)
|Pﬂ’1+1|

<1

0<t;; <

= (1 l])p] +t1]p]+1’ Hi ., tij =

E Xe = {(Pi: Pj”Pj+1)}°
HRE R BRI BT 5 fip;—E R0 < ¢, < 1, BV ={p,p;}-
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R K %48 4 % 6L B 3
58 SLIAT G, B B ORIF AR FE IR A8 1 0 -
fipace = Zwipwsnes(pifij| = D* + Zpuppev(pivj| — D

gi Lprik, R EARR - minim ize frequ + @fsmootn + Bfspace s

Hrho bl e R S, Bta il (] I6 56 B AR FFFE FE I 28, — IRV
HNa = 200,[3 = 1.0,

A4 AL B by iR B R I S B EUSY (e, V) AELL 73 &, i TS A
B LM BN R AE ST I gy o IR S T AT IRARAEAL, 224 i B2 T AT
B, RS 5 S TS BIAR B AR  ROL A M B BUR Y (e, V)
[ 5E R, B Gauss-Newton J5 ittt H AR s ECR AR -

ERFIERITFER, Gauss-Newton J52 & T s i+ HA B & IA BBk H
PRERBUE o frequi fsmoorn HHAST RURIARKR, DR 4ERE 2 BT Fas 2RI AT
|pifij| 0 |pip; | AELPER, DACRHFEFM R T U E . Le =p; — Py
Wpfi[Beftitt e [Bf)| = [pifiy| + 9l di + 92d; + gljadjsre FH gijnr gij M

at;;
T i —
1- tij)gijl - gijleja’ 9ijzs = —tijgijn

Di— fl] _ (

9ij3 IEij dij1 = |pf | Yij2 = —

Ugl,le,a ~ [pip; | Wit i N | ~ [pips| + 9i5(di — dp). Hetrgs; = (i =)/

lpip;|- Z, e el BEAGORAL B bR AT LS K
N N-2
Z|diri|2 +a 2“(1 —u)d; + udiiy —dipq — Ti’||2
i=1 i=1

¥B D) (Ghadi+ ghady + gadn — )’
(p[,pj,pj+1)€g

+ ) Aoy + g5 - dp) - aY?
(Pupj)EV

Hobry = p) —pi1{ = piar — (L —udp; — Wibiszr 1y = d — |pifiy|> =d-Ipip; .

WM RGRRE FiR DN IR E AR Adi B R, T IREA
RN E TR N « pi +df o Hmax qen|ldil| < 10701, #1E Gauss-Newton
Pette B— TS A, BT 704k, 20 F - S4BT B AR Bl oo 10 7R
ZRAT, BRI B MR KA BAT 1075, 8% N2 4-8 YA ED AT 58 &
BARAL ISR
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2.5 SEIREERF T4
N T RO AR SANIAT R, ARTERERT— R AN R AR M AT 1 ) 4
T DX AR B B IR LR A, AR AR LIRS AE, SR, SEPRAHT BN
A J7 T, 54 MEFATFR E AR N5 B P AT BR A HEAT XS EE
|

¢ N Sl

D o=

N
‘ |

—_—
N

honeycomb slice 1 honeycob slice 2
(h-slice 1) (h-slice 2)

PILURNELG, RRARERAR A T A T B [X 35

B 2-13 A SCAE RS

[
et

2.5.1 SLIGIFIE

SEBRFT BN SRE6 7 [ {424 Marlin 1.1.0RC [#) RepRap Prusa i3 FDM 3D $TEIHL_E
BEAT o FTENGE AN BT BN S E R E, FTEERAE 56 2N 0.4mm, B2 5
9 0.3mm, WM KRS TR Y 80mm/s, FTENMRIN PLA, FTENZEM EfEH
1.75mm, HEHA 100%. FTEIKES S B Geode RS 1ITE A AT EIHL.

2.5.2 BR1IZHERL

X TR 2 2 S 1A N S B AN S A A () AT X 3, [ 2-13 JROR T AL
AR PR T O IR R AR B AT . HAR 1R, B 2-13 AN AT AT XIR ] 2-
1 HH) /NI FIFTENA X 4K, K E Lu %8 AfE ACM SIGGRAPH 2014 K4 Lk
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h 28 K 2218 4 22 7 X
RIS IR D SLAH 0 =4E3T B N S SR S M A et i S99, B3 il
WIPTAT 9% iR e Lk e A%, JEARSE WSRO E, Tof R e S XT38 — /1Y

Input #segZ | #segC | %stZ | YostC Y0 stF
dancer 1 22 14 | 587% | 1.40% | 1.38%
dancer 2 19 10 | 6.58% | 1.55% | 1.08%
dancer 3 21 13 | 411% | 1.19% | 0.81%
crane 8 17 | 4.86% | 0.46% | 0.93%
butterfly 16 24 | 1.81% | 0.83% | 0.52%
hand 9 11 | 484% | 1.07% | 0.56%
gear 51 105 | 1.18% | 2.11% | 0.23%
paw 20 55| 1.25% | 0.51% | 0.31%
h-slicel 53 58 | 435% | 1.08% | 0.81%
h-slice2 47 56 | 5.12% | 0.88% | 0.70%

*®2-1 EERLBRLHKSE (P, HTE#KE (D

BECFATHE (O EHREBE (Mseg) , MM MLLE] (Y%st) J5TH IR L&

AT P R A BSFAT S AR AR B AT B8 AR, HRSR BT 0k A AR 0
B = YEFT B BRAT NI R AE Slic3rie], 3 2-1 45 H 1300 2 DR le 4k 4e, AT
AR ERAT NG R PAT B AR AE BRAT B, B A s LU D TRT AR R EE S5 2R . % 2-1
A 4 T O TH IR 2k AT I BRAT B, RN AR SCHR H 12068 9% S iR e 2 .
B4 TR, BB 1.

Input #P | #R | CFSt(s) | OPt(s) | Total (s)
dancer 1 4 31 0.25 1.676 1.926
dancer 2 6 27 0.297 1.59 1.887
dancer 3 4 33 0.203 7.085 7.288
crane 2 42 25 1.917 2.042
butterfly 4 51 0.359 4.479 4.838
hand | 30 0125 1207 7.402
gear 19 | 143 0.766 8.978 9.744
paw 8 | 147 0.813 0.429 10.242
h-slice 1 22 | 148 0.834 7.092 7.926
h-slice 2 22 | 145 0.95 7412 8.362

R 22 BfRgHE BEAEIRIBATIN E], RS S R A B RN (#P)

WOEH RS (HR) |, BRAEVIIERNE (CFSK(s)) FRALHIE (OPt(s)IIZ 1T [H]

R 2-1 Tl AT A s B TH ST 08, el B AR T 21 R4 50000
M pipe WTFEA S, E—N¥AR0.2mm KR PR RS fhR60, A
SRRy i 2R SN B TN ER 7 BRI T3 0% RONBEDS M . 35 2-1 s
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R KZE L ZAwR

T it E SRR R AEFTA 50000 ASSRAE TR LS. FTLAES], ASCHRH
1 2t T M 2k BR AT A s B L) R B TP AT F R A, SRR T AT BEARAH EL
WEA AR B AT

T B 2-13 HE A AR, R 2-2 45 T EIRISATINE], AR AR ARG
(B[R] A A AR B BB B 1] . SR, 3% 2-2 B4R T AR il fE i 4t
THEE, ¥ ABI X IR S AR BB RN AR RO R R R A . i
A B TR T 4 1) AR R T AR R B B B C+ B S SEI, BRI
Sr I A MATLAB 257508, 3% 2-2 R P AT I [ 38 = £ — & 16GB A 17
f#) Intel® Core™ i7-6700 CPU 4.0GHz & ML Ll 15 1.

253 EFRHRE

T B AR R B 43 A (0 R4 50 P, 2R 3T B 2 P 4 R A K 4875 (under filling)
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3.4.2 SEfRINT

FATHI LR T IR e T B LR CNC 6040 2200W _E3EAT, N —Flmf
INT R AER R A 1R SZIA R . FRBISHURIM S Hn T, TR
2 FLAE 4.0mm HIBERSL T, S K#ESE T3 Dy 500mm / min, #%425%7279 0.001mm,
HUR EHHE Y 15,000 r/min. G ARG TH ABLRBEAT SLPREOIN L5256 . & 3-12
JEIR T FIAR SCAE S B B 3 o B e 2 0 1 1 e YT B R s SRR R
Fr R TIN5 B R T 15 0 o

3.4.3 BEEXTEE

B IR CNC ) E N AR B AT R B A AR B AT B8 42 BT
XL IPAT S AR R BR P47 8 4%2, #ELE Siemens PLM Software £ {H(11,
Siemens PLM Software {41, tH#FR A NX Unigraphics, J&— R AT & FH
CAD/CAE/CAM #ft. & 3-11 JoR [ 355k B il 0 DR ie 2 i 4e, 5-FAT 14 %
12, FEERTAT BE A IR 5 B v BE (R T AAL, 7T DA BIAR SRR AR PR ke B v BE R I8y 51

R 3-1 45 T SRR BRI 2 YRR AR R AT, SPAT S AT RIS BT AT AR A
P B, A5 A R BB SRR RN B[R] 5 T AR B g R RTLAE B, 555k B idid
T IR TE R AT A 2 RS IRHE, BB 1, P AT R B AR AR B
A7 A% 56 A 1 B o TR (R AT S R 2 R AR B . B T R e R
FErEeE, HEIMBRABREEZ, WA Fertility 1 Kitten #iTh . XFF 0
TS IRIFAIRT Pt S, IR B T %5 Bk B 0 1 2l TH R R 2 it 4 L & T s i AR . 7R
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h 28 K 2218 4 22 7 X
FULIIE, O 1 TSI B AR R A OB, RIS B S R TR )
it P TH SRR, AT DA B S5 R A % R 2 B AR I A A B ] R AR T
FL A P b R 42

Patch || #sgZ | #sC | #sgF | %tnZ | %tnC | %tnF | 1z | tc | tF
#1 (BUNNY) 9 4 1| 71% | 47% | 1.5% | 450 | 368 | 342
#2 (FERTILITY) 18 6 1| 6.6% | 4.0% | 3.8% | 1908 | 1054 | 1034
#3 (MAXPLANK) 5 1 1| 76% | 6.0% | 2.5% | 245 | 232 | 205
#4 (SQUIRREL) 6 1 1| 6.0% | 28% | 1.9% 539 428 416
#5 (KITTEN) o 2 1| 74% | 3.7% | 2.8% | 469 | 381 | 370

*3-1 GREEE Y HIRIRAERAE (F) , HATHEMRE (2 FREFTERE (O
TEFEAZ BOE (sg), B4 H1 A EE ) (Yotm) A0 52 5 o T F 1) %o EE 25

3.5 KE /NG

A B K T — B L AR AR A SR S AT R I o R R 2k kAT, B HIAE
oz LR Eg A, 40 e H 2 SR B R L AR, SR 1 APk B A 2
WER e 2 1A 2E ARV o S5 B B T B SR IE 2, Ot el ot T PN L 0 [+ i A 3
Bk, PR LSS R, SRS AR LR TE A B, B SRTH N
TR O 1R SEE A R, Xt T AN RIS 2% B B e T A Rl 56 A B
i 2 IR LL AT, JFERR AR LATAFAE, SERRHIIT BN [R50, 5 AT S A A
R TAT B AR AT XS B
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i R OK ¥ 2
F4E BT TRy RAK

415|5

BN T e e B3R, 3T 52 B LA RS HI I TAEAE R AT 1,
W T BEEHUR I T — A e B A, A SR I L R R 70 X k0 75 2L
BEAT N, RIS ) H ATk v B AR R LBLR , AT AT BEAE — R 5 At 58 A
TEAPIA I T XN T, 75T 2 IR E R E AL .

Hodz In I 2 S A M In DR AR B A O N R L, TELREHIE AR
TARR UK, RS A A 22, FTATIN TS AEE B, 0 E AR AR, Iy
DS AR VR 25 S A 1) s 67 JR I AR HE AN TR0, B, I 75 B
BT RE A e R S LN Ve Bl o3, BAR e s 35 (142 e TR T AF
BATINEE AL, WnIEl 4-1, £E— G =REE PR _EIn T4 ) Bunny #27Y, 75 ZH]
B = VRIS RS, B R 1 I T A T AN L A s A

1 A BN AR B 7 B R R T i, 2 B AR B A LA e R ALY
CAD #A, St Jo B ARk 2k 1 B ey ot v 28 R s A AR T e b i
Fivi e o B 0 o 36 A 8 B PR SR P T e IRl B Bl 0
PERSHEAT o FAESEBRA P, IR E ARG T TR AR 24T Fahieit. &
SCER =4EB P B AR A, SRR B S S R T

-

R 7 .
A 4 b 7/ Fixture table
rn\f -{l r-';
} a \ i Target shape
2 € .
1 M Fixture
L Wl = ot
/7. 2. S11117000007 /3)?'///

#1 setup #2 setup #3 setup
Bl 4-1 =R HLR S IR 52491
4.2 fHXIE
4.2.1 EHEXBIFIE N T

SRR, P B G5 RN T AR S A 3 AT BN AR AN, B
PR B Y XIN EAT BRI ERA T, AR AR AE T B B ARR I (0 22 “ I
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AR RKRZE L2201
FiliE 7 g2 NEBIRAE EHIEGR R BT B VRO, 8 i LA
R AR BRI T I 03 TR BE PR 1032 Bl il e =N R B A AN
shiZa R, WK 4-2 fis.

851 &6

XY, Z translation axes A,B rotation axes
Kl 4-2 FAEEEE BRI Bh iR =
KW A XYZ; A BBk AB

TR BERIN T, FEA WA E RN T, Ahsh e L. ™
BEAFZAAET, TR T AAE T G HId AE h N issh i R s s): &
BN TAE JJ R HE R R =AM sz, NGRS TYSER, 5
AR A 2 5iz3), 1Kl 4-3.

PARIIN TACAR LG, 8 Shohn TAESEBRA 7 N BE 90 iz, Slohn T Yl
P EP B >, AR RE AR S, I AT R TR YIH 5
FOESCFF R YIE . HT BT RERD, TR TREWR BT, £5H
FRAT IR TR A0~ AT R TR S il TR U T L TAR B4 . R, AR
SCAEfifEoR4 3t P o TR R o T ) 2 SR Rk e R, a4 Aol AR

Transition Transition

S — S\ S —— Y

Bl 4-3 Ehihn TR B, I Ta L aXidnt G = ME3HIZ3) (carving process)
FEF BN TSR (transition process) , FANPIEEhHIS Hizsh
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4.2.2 FERMX

M RUL, 3 SRR K 3 S bn s in o R aa i AR I S i i
FRRAS200, 2 S R Kl 75 g e PR A% O 1) JELE T DL S A0 A o L 5 8 AR5 B bR
R TAFEA T o RS iR/ M B IR U R SR B LI, TR R i — Ve e ad
P2, A R G N B H B e AL R R RE SN R AL R ZE B 2 A
LR RSN o TR ARSI, K2 22 SR 752 B A Bty R L e R
ST T2 CAD BB, Ll e R A sl A A 200, ] 4-4., 322
KHBITEA B VL. BR ARG T 2R 2 & 70N, fE Tk A,
BTN T B TR & 0 AT F sh it

Chamfer
‘ Step Through slot | |
@ %/ Semi-blind slot ilé ,:;/
3-side pocket
4-side pocket ’
md face \

Cylindrical face pockets

Keyway Qm )
External threads

Compound slots

K 4-4 CAD BRI FIFEA U o R

4.2.3 Xig 5=l

UHRT ST, 2RI 1 7 BRI RE 1) A5 171 22 8, 3 7 ZE I
XL VG, A2 B AR 5 1 X Sk SR AT 21 o BB A B T V2
25 PSR B 20 AGIEAT TR 7331 5 DX o i ) D7 1020 2B SRl e R X 38 73 1
HIAZ VAL T X3 I TR AlEE AT 04 e Bedb, 208 X3 S~ 1t A2
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TREE AR, B ORI (1R — 25 it i ZEAT A ), iy X i
GV A AT HEAT B AR LRI, A2 Do B 07 T, s T O V20 T
i X3 2 BT i, R H R 5B 2% B 28 X0 i D B Bl S 1 DX St A
TIONTOIOSY, A S 5 g e (4 DX sk o I R, S R AE TR 3 A At _E 6 AR T
TP A e AR A AT X A

Bt 2 e MR B B LA /MU S RO H IR X 38 73 [ L, A A 27
PEUE W% ) # /& — > NP-hard [0 @04 P31, Gupta 8 A4& 1 — FhBn 28 Bk kA7 4%
AR, Frank 85 N1 SG 0 4B CAD A58 fRFEAC LA B e AT T B AT IR PR A 7y
s 2 Je R e e R il R e o — AR 7 o 1R FLREAT SR AR PS). Herholz 45 A3
P B e T = A AR o3 1 D3 Ak v B 3y o T

4.3 ERMKI

AR AR et A 1 T = 2P TR ()2 S R ) R ) R A SRy, SRR
T = FFARES, TRAL BB Bt IR ST S 2 oA fee D B H R s S i i . 6%
A TR0 At o0 2 R S P B s Aol P TR0, AR I )% v P 7 TR 4 T
SRECRE il 0 T f 7 2R 52 D07 16 R B B = AN S e BN T 2 R 2 e
R KRS L 50, A AR SR 43 9 e 42 9677 1) R AT LU TR X, e i A
FR AT R B X SRSy, B 4-5 4h il T IR R R

(@) (b) (c)
4-5 P B ol iR R S R SR
() BEEE Y (b)ATEVE X3 (o) RN TIX 35
TCVR A2 THUAL PR B e 52 37 B T F0) 20 i, 342 PTIN T X3 70, 005 AR T ik
Ve AT BRI EHEAT o ATIAPE AT A B AR T S D B SR e T TR AL R
IS RN e B o AN SRS TR R — NI NG, A SR SE A 12 0 L
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N2 58 N T fen A SCHEAT, DR I 5 B 20N v Bl — 25 ) 73 D Sl L n]
I X3 A Rl D fE , Jor AT BOFr ek, T EARNS T AR K R
Heid i T O HUPR IR e e A RS Sl A BC 5 SE . BRSO AR FEINAE I
BRAEIERE, PR Je R ) — M H A i MR S K

X4 B =4EREAS, BRATE SRR 1 4L REMIRIE I T R I o0 i 453
S5 TS L B AT Y R o A SRAF R S T 1 6 IR e L D N e il e
N INE i R AT, SRIG R/ NE s R rh, 2T RN BRI Ve
L AR A S i NSRS T PN X 8k e /N s SR A 0 B AR AN — A e 8
A RTRE D& 7 a5 R, KAk 2R R BB XK. 25N Graph Cut 5i%
KX LB NI T, IFAEIX AT RE FoRs T Ak 25 e (14 g 2 37 1 T 2 1) 45 SR AT
G o B JE Ry XA AT I A HE . ] 4-6 45t T ANxrE P E Hl T = 4
PR AT B SR A 5 RSB, xR Kiitten 7RI 2RI B UCRR, I
N T R X 2528 S 3 i) I X I (4 R b n Y B EAT 1 T A

height field patches #1 setup direction  #2 setup direction

K 4-6 AL

height field patches

4.3.1 BEZXE 5 E

AL R BT Herholz 25 NFIJTVE[96], FRATTKs i NARTLS o3 fift Ry — e de /b
HEMmmE M. EADE . ERERmYER LSS REE—4n T rd;, i =
1--ns SFEAREET 10, 76 TAFBRI R 1 RAE fip, o) i LSRR i Bk
TR IR, #5 A TERHE Sip; M mT I L7 1) 5 & o0, ) sip AT LAZE J7 Rld; R L

55



I NE=-] i =g VA 'S

e NATTLS 14 v B 37 WA THT 20 0, 5 SR —ME T Graph Cut 77 VAR (1414
g AR AME R . E SUR LS RAE sip I i, SRAE Rp AR K RO IL
MIEGE. & X EGE AT fip, FTHUA label (B 9 H AT I LR RAE 7 Hld; .« (EHZ
$Lf¥) Graph Cut [ @SR iR 2 9913K 15 i B 7y I THI F) 3 1 X 3l e AN SR )ip 6T
R—AN L7 1) d; .

FIRBYRE Herholz 55 A SCE P INE KA —S, XA FEEWH A —=2AL
BEFE RN NS SHEAT A TR AE . — R AEFIWERAE iSp Re B AE T [Fld; TN LA,
FH AN Sk 0 B A BRI AR AR TR AR OB S5 SO i P s IS 2R . B 4-7 JRoR T
— A TIALFR B B v A DX 3 S 451

4-7 I X 3oy F LA

4.3.2 IR LRI A HEE

N VT UL ) B 1A S A AR S B SRR fp A SR &R, AN LA
@ T) A5 mp RIEA R R E AL . 20w E A Ko iEE N TR %S
R T mip I TR AMER . FESEITT R, &, 5 U B LIR A 7] BT DA
BeBRAE p N T IEHEAR R, PR N mp AER R TT TRl d; A2 AlE . AL
MITAES, Mk Er/2. HTARERENTIR T, B E M /2
N T RTIEMEAATT RER 7 W R AE AR — A 74, & 4-8 o mipy A, IR FTIA HEAA
BN T P
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K] 4-8 Kitten A8 _E =ANSRAFE s N L TS HEAR S
B 42, RESS U BCENUR K ) RO M 2 BR T ik Fed A MBE B EN
0°~360°, ek B IIHHEN0°~900, 5 2 MXT FRICTF R, HhbEs
MUARRIJT R R e T e . anfE 4-8, TEMRTIEE R TR, sipese e 4l I,
o I AT IR MEARES 43 Ik, 1 Ay W 58 AN AT I

(b) (c)
4-9 Voronoi .76 A3k,
(a)Voronoi X3 XI55 (b)P Voronoi FLIGLE = B ERA N AT IAT71A] (o) iR ] ik 7 A

4.3.3 BTk

W 4-9, BGTERABLALS LI SRAE SRS R i lp i, IR LR PR
{p Y Ak s A TS BB 2 Voronoi %1I43. %F Voronoi ¥iJtc;, 1 <i < N,
i BT R AR 7 5] R A4S B TG ¢ X3 B BT S T3 SR T R R T R A AT A
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1o Rt Voronoi H1.70c; % N AT IR % e U5 [ R 50 2 v B BR L Rk B2 X 3R, - G
4-9 FRZLE B Voronoi HLTTXT V. (K T IA % S U7 ) Ry 15052 2 iy Jrek Xt o (R 213
BRe[X 2k o

K FirA Voronoi H. 7ot W [ TIA R e T7 M B ek b, 15218 4-9(c)Fm
RN T e R ek, B B AL B B AR T R B O
IS (412 S 7 T/ W] L) Voronoi LT EUER % /b o 2 Ja B I 18 5 B AR Y S0 KA 17
AAETT ) R FIE R IETT AR, 1 < @ < M, X T A&k 77 18I R T H O REfF
INTATIRIXCER,  an ] 4-10 JER 1 = A0 77 [ PRI AT ik X 4k

Setup direction RZT Setup direction R3T

Setup direction th

K 4-10 =S5 1] 1 0 Ay ik X 3K

434 MiAMEE

FRATTHE T X 3R 43 1 1) R 2 A g — /N 6 0 5 I AT SR, AR5 i
B B /N 6 4 A HP IR A8 0 DX SR 2 R A XS 4y« 4 24U = (1,2, - n), BAK
FEUMN— RV FHEARMESS, F6H B R BIS P /M I— 14,
A RS T RV BRMRE SN, 4 E 2EUNRR — 4T R4 4
&S, BHmIENRE—ANESC,C S, HCHITRIIFFENU. B4 i i B fu A
(¥ NP 584 1) 8, S5 I In) 50 0 B 45 7 75 1) A2 NP R i 7).

AW B, AT FFER Voronoi Hirkic, 1 <i < NYLNEAUTHTT
K, BRIERTTAER,1 <i < MR LA iATERS, 1 <i < MIWWNESHTES
MM EEES . I G 5 i SR AR, T LA 3 — D H &L U7 IR,
A, %A &R T7 0 I RTA I TV BN AU, DPRIEEIES N
MINORI (minimal number of orientations) . 4k, RH chvatal 5 A4 H 57355
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R KZE LA
V23K A MINORIP® . 8 3 6 T —ANRp e AR A — A & i B Uy ), SRARAS tH )36
B /INECH 7 ) MINORI A HE —4, I H A4 MINORI f# P A7 7E K& 1) 2
XA, & 4-11 g5 70T Kitten B SR fif e /N o5 1) 15 HY O = MINORI 45
R W 4-5(b)EFiR, —41 MINORI 45 i f74E K a8 X e, & ok ar s A
KGR A HORER I — AN A3 T A I T rTE (R SR A A, T HeAth R /N AT R RN G 5 2
A LA [F] B 7 AN 00 T ) 0 L RS R SRA a5

B 4-11 JEI SR /N E 5 A S H ) =/ MINORI &5 3

4.3.5 BINXEER

2 MINORI £ R AFAE R B BN X8, 188 in DX 3ot B2 A A5 01X 45k
A AR AE 2 A6 18 07 F) NI Tk . | T Al B iR T Rz sh B B EEUK,
MINORI H ) & X I (VAT REAR K, i 4-5(b) 7 . MINORT A 1 —> 4%
BT [ A — N T RA X 4, BIPE %% 3 7 1) T 7% 22 58 O 1 0 AT ik
DXIR RN T . MINORI A77E [ I 48 2 i X 3 i B, LB il RERI RN . 5
7T, QST IR BATTRA E Bl T 0 Uy IO AR R 5 [ R R AT A X AT
AT, — AN TT 1) T F N T AT a2k [X s ZRUAK 4 72 b T i 2 ik — 20 iy &l 70 oy
i L3 DS TRUAREE i 3ATT L2 s S AN AR R ) i — 2 e D B K v B S D A
BEON T R MINORI A (14 B il X 355 LA R 25 8 305 Al i (9 IX 3k 73, AT S ks
AL B B AR 21 Y 5 L 3 X3 7 B 45 3 MINORI 1, 258845 )5 () MINORI A/
SRAFAESINIX I, U FH—> Graph Cut 5RO LATH R .
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R, R,
Bl 4-12 BINXIERIHER, Hy FAEPHERE T Ry HIATIE DT A FREE
DX H R HL R 25 BRI TS AR ZER A 4k 45 1 v L3 X 38H,

4.3.6 XIS

DCREE S H Y, R AR BR B B i i 2 37 X3 7 2 2 MINORIT 4 5 [X
I BRI AR . — MR MINORI, AT LAB ARS8 RN KA mp, MO0 1 HH 2 FY
I3 T5 TAARZE , MINORIT H ) 8 in DX 3skd A2 BN 1 28 A5 TR AR 22 K RAT A
Bt o MR TRALBERY B e B3 XS R 70, AN SR spy AT LA SCRRAN 17 AR L )
oIt Je P et B 32 [X 3 25

FATR T —MARZAEIERI 5, A B B X AR 2 R MINORI 1
BN P RN R 2 5 RGO BARRY, B el iRk I X H,, IR
3 DX S ) — 8 73 KA s A T AR B X, HoAh i b T E B X, W AR E &
DX 38 AR T3R5 TR 25 46 E 20 B 8 XSSk ) 7 TRO R &, DT T8 109 o v JEE 37 [X
H; P& ) H Y, & 4-12 i H, BRI E 7R IATIATT A A2, IR
JE 35 DX 3 H 0 ) A B R AR AL T AR EE B DI, DDRE v 37 [X 8 H R I W] 3 5
[ AR ZE A% (14 5 e 5 370 IX I H i 3L 1 et B 37 XM v, R B ey P 3 X3 H; P 0
AT RN AL T B X, WA 4-12 w37 XS H R HL R 45 B AT IA D5 TR AR 28R
fetbtn 1 mEIXI8H, .

PREEAL R 7 ik LS BB =1 B3 X 4k 1 75 3G B MINORI AR () E 8 [X 45k
BE 2, WAL TSt R R X K B R S X, AR A 7 5K
oy FC 212525 J7 180 R n Ly
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4.3.7 Graph Cut /5%

IR R B SN X BOH R T VRS, PRI R FE R S X, anEl 4-12
T 3 X I H ATH,, U — Graph Cut S35k R o 5 558 X duk H f SRR
PN B GR T i, SRR sip; O SEHR F 8 UM EIGE 9 5538 . Graph Cut 7E 241
THIL T E T REE RRHUN

E(r) =X D(r(p) + a Xwj) S, r(p))),

Hrp, DA Graph Cut FE R, S NFIED, aNIERT, ACH T/EH
BB N 100, HHE WD H Tk B DXl o SR mp 1 B e T7 180 (p; ) I
o ~PIRIS T ARAE AR HE MW SR AE i, Mp; B B N AN RIS T ) Je i RS 0, A
TRVCE N ip Mlp HEREIL 2 BT 1R 7 1 2. Bfe, A LA snake 4K
T3 B 2R ) DX PR a2 AT P i A 00l ] 4-13 25 T IA S Z AT
RAE MR,

Kl 4-13 X0 571
B TR AR AT RS

4.3.8 T4t MINORI %%

n ESCHTR,  SRAR TR o5 0 A AR A2 B /NECE D7 RN MINORI 45 4 A]
BEAAEME—[, X THE—414 20 MINORI 25 SR#R T BT LR i 2 X 4k 78
AR, A H g e Bl L v B X R /D 1) MINORIL S5y d 24 1) 2 S LK )
g S, A SRATSRAEAE 22 4135 T B R 1) MINORI, WU AT LLZs 2% [X 33t L1 34t % dt
i f MINORI.
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W R KZEHEE 220
4.4 SLWHERS 54

N TR WUEFIERA R, AFEX— R H A AR 2% B 1 5 b
TSR AT ], FFAE S PR TR HUPR _E 3B 4700 556

K 4-14 TEEEHLR LI 5

4.4.1 SCEOIRER

e 4-14, SERRINTSLIGAE FUAEEENLUR CNC 6040 2200W 34T, NI —Hh
IR REARE A AE N sese bkl . B NURIIAE ST, JI Rk
BUH & ELA% 4.0mm BIBRK T, i KiE45 T8 B2 09 500mm / min, #6425% 729 0.00 I mm,
PUR EHHE Y 15,000 r/min. G ARG T4 ABLRBEAT SLbREg N T s25 . & 3-12
JE7R T IR AR SCHR HH IR 28 S R 7 v 1 2 s I L LA

4.4.2 FRAX

B 4-15 JEo 1R R AR SRR A2 e R g V2 ) X o 5 2R, B R
ITFErs 7N = 4ER AL (R e LRI A5 2R, B R 81 J s 1 2R e 73 e xR n 1
FOE XTI 7y Ja PB4 H T Al T 205K D v 47 T DX skl o o A 4-
1R 12 RIS B R > e 5 B, BRI B, g hiln L B 37y il
THCH, PASGREAT R IR B 55 7 b IR RIS AT I (8] . BRI AT I (4R 75 1 Alik
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4-15 I AR DX Ik 7> 14 S 451

3D Model #A | #P | ta(s) | tp(s)
RABBIT 2 41 142 | 17.5
SQUIRREL 2 5 L25 | 2L
BUNNY 2 5 183 | 21.1
KITTEN 2 5| 242 | 284
MAXPLANCK 2 4| 27.1 0.5
FERTILITY 2| 11| 489 | 57.2

PR 4-1 IR SLBIGETHE R, 2T FIIEH #A), € Rl T B2 ih i i % H (#P),
FLIEAE ST 1] (4 (5)), SRR X IR 73 FIR [ e (5)




R KZE L ZAwR
AT PRI T DL B 26 SRR DX S 43 R[] R P38 47 I A1 EE & E— & 16GB
N A7H Intel® CoreTM i7-6700 CPU 4.0GHz & XML LR E R, ATULES], &
SCHE B AS IR B T AR T AN R 2 AR FE 1) B TR A, 04544 Fertility
IXFE T A A . & 4-16 foR T R AR SCHE HA 1288 S MUK 7 v 1EAT 52 bR
TR AR S R o R N T ) v P S W TR b — B H 1 S B O e o
TrREBR AT AR T L BR AT, B 4-16 HF 5 B eam T AR B A0 15 1 10

Bl 4-16 NEFIASCHR H 3 e R 7 i s B in T (8 A SE 41

4.5 KE NG

ARBE R E P E A, SR T M E SRR IR T . AEERCEHA
T E LR B e lhn T =0 T3 P B el T s 28 . S 0k 1 e o A 2R A G
T HEEAENUR T BB ek b AT 7408, x0T 8 e il B A ) B SR SO R
HN T AT M, 7 N AT A B IR 2 5 1 3 5 i B T R 40 TR T
A PRI B B H T A o E D s B S T, SR SR R e T n) R HxT D T [
[ SR AR ) R Ay — N R B T M AT R . N TR E RS R T HAAERNRE
FEANT X, 4605 R R B A Graph Cut 4% ()7 AT A3, 58 iR
LB IR TSR

A ER R ) e SRR SRV LA e 1 AR T R R 0 A R N D T LR R Y
], B TR 22 3 IR b B AR L o, bR Hose vt al @, ) B U1HI ) i)
200 T S LT Bt T TS 9 A A R A R LR S R R R
AR BRI O, I3 PR ZE7E A SR A eh A T B TT LI B B A o
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i AR K % W % A i
F5E L EEREESREER

51518

B RBEER , 7T LB B DA BRSO i A 186 A 2 B R TR I = 4E 54,
& TSR fE . IEER, AT =T E e R vt ShliE T, P
W TARZIRAE ZEEM TR, 2N T2RE T, ItR&h, IReEME 7w .
AR SCIUIE T = 4T EfE B AL R R, B R GER A o AE T 4T B LA 4544
LR REYE, $EH T —FhTH A 3D FT R R B R SR A AR )T Vs

A R, i AR R /N B I 2 R B K BE, 52 31 3 HE22 () BR ) 2 £
W G Re s R I R W AR B b o i R T2 B T % S 1) 4R T Bl
ME - BoR ARG . HAZ O AE TS5 M IR FE, (R PRI, U SR [B] g A i) it
PACRHF IR 6 R ARyl Dy H i, B ESMRIE FE 22 B AT T3 T AR 22 HH N ) 2
AR AR, A B T FEMEAE BB AR, T I I () 7 257 6 ) R B
2D BB R ZI R

BA AL G ) O EOR N T 62RO 40E S8 B GBEAE y oRAr
JiT, AR FH 25 5 WK B PRGN = 4R, G AE AR Y 2 T v B A N AL TR o 4%
SEME o F THEAL E B LARAL /N o A7 B A YIRS F) A B, (RIS CRAE AT $T
ERPE R G5 200, ST OG YR % I X B8 FLIR FE 52 1 E T — R 5 45 7 B S AH T 1Y
PESEAIE B R, W1 51 TR, S R R R ATE T AT 1434t
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ST

Printed Perforated Lampshades for
Continuous Projective Images

Abstract: We present a technique for designing 3D-printed perforated lampshades
that project continuous grayscale images onto the surrounding walls. Given the
geometry of the lampshade and a target grayscale image, our method computes a
distribution of tiny holes over the shell, such that the combined footprints of the light
emanating through the holes form the target image on a nearby diffuse surface. Our
objective is to approximate the continuous tones and the spatial detail of the target image,
to the extent possible within the constraints of the fabrication process. To ensure
structural integrity, there are lower bounds on the thickness of the shell, the radii of the
holes, and the minimal distances between adjacent holes. Thus, the holes are realized as
thin tubes distributed over the lampshade surface. The amount of light passing through
a single tube may be controlled by the tube’s radius and by its orientation (tilt angle).
The core of our technique thus consists of determining a suitable configuration of the
tubes: their distribution across the relevant portion of the lampshade, as well as the
parameters (radius, tilt angle) of each tube. This is achieved by computing a capacity-
constrained Voronoi tessellation over a suitably defined density function, and

embedding a tube inside the maximal inscribed circle of each tessellation cell.

Keywords: Light projection, perforation

1. Introduction

The emergence of 3D printing technology opens new interesting opportunities for
computerized halftoning. In this paper, we introduce the generation of 3D-printed
perforated lampshades designed to project grayscale images onto surrounding surfaces.
The spatial distribution of tone across the projection is generated by carefully controlling
the amount of light shining through the printed surface. Similar to the dots used in

halftoning, our basic idea is to perforate the physical 3D shell of the lampshade with
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small tubes, whose parameters are used to control the amount and the spatial distribution
of light that emanates from the lamp and reaches a receiving surface. Figure 1 shows an
example of such a lampshade and its projected image. Projecting continuous tone

imagery via a perforated surface can thus be regarded as halftoning with light or 3D

halftoning.

Fig. 1. A 3D-printed lampshade projecting a continuous grayscale image of Marilyn Monroe. From
left to right: the target image, the 3D-printed perforated lampshade, the lampshade with a light source
inside, and the resulting projection onto a nearby wall. The superposition of the individual light

footprints on the wall forms a visually continuous image.

Halftoning is a technique used to represent continuous shades of gray through the
use of discrete dots of the same color, varying either in size, in shape, or in spacing. The
method relies on the natural low-pass spatial filtering of the human visual system that
blends the discrete dot pattern into a continuous tone. Traditional halftoning uses simple-
shaped dots, typically circular, of continuously varying size. However, when the dots all
have the same size, spatial resolution can be traded for perceived tone resolution
[Ulichney 1988; Lau and Arce 2008].

The 3D halftoning technique that we present differs from ordinary halftoning in a
number of ways. First, unlike other common digital media, here one can generate dots of
continuous sizes. In that sense, the technique is closer to analog halftoning, where the
dot sizes are continuous. Second, dots are holes in a surface, realized as tiny 3D tubes,
hence having both radius and orientation with respect to the light source. Third, the
resulting image is not printed but projected, which requires to consider the geometry of
both the projecting surface (the lampshade) and the receiving surface (the wall). Lastly,
since the projected light footprint of each tube is slightly blurred, and multiple footprints
add up in areas of overlap, there is already some low-pass filtering inherent in the image
formation process. We explicitly account for the effect of overlapping footprints of

adjacent tubes, which is inhibited in digital halftoning, and take advantage of it.

101



h 28 K 2218 4 22 7 X

Moreover, it should be stressed that in our setting, the major challenge is to ensure
the printability and structural integrity of the perforated lampshade. Specifically, there
are strict lower bounds on the radii of the tubes, and on the inter-tube spacing. Violating
the former constraint would result in clogged tubes, and the latter would render the shell
fragile and prone to breakage. In particular, having a lower bound on the tube radius
means that darker tones cannot be achieved by simply using smaller holes; instead, we
reduce the amount of light passing through a tube by tilting it away from the light source
center.

We present a 3D halftoning technique that, given the geometry of the lampshade
surface, a target grayscale image, and a receiving surface, produces a spatial distribution
of tubes, along with their radii and orientations, such that the resulting projected image
faithfully reproduces the input image. The goal is to produce a continuous tone projected
image, which strives to match the distribution of tones and the spatial detail of the
original.

The target intensity at each projected location is matched by placing tubes with
suitable radii and tilt angles around the corresponding location on the lampshade.
Brighter areas are reproduced using tubes with a larger radius, while in darker areas we
place minimal radius tubes, tilted away from the light source center. In order to maximize
the spatial resolution, the tubes must be placed as densely as possible, but they must not
violate the inter-tube distance constraint. To achieve this, we embed each tube inside a
disk that incorporates a safety margin around the tube. Note that differently from ordinary
halftoning or stippling, in our case both brighter and darker areas require larger disks,
with the maximal density of disks corresponding to the middle of the grayscale range.

Having reduced the problem to one of finding a dense packing of disks with spatially
varying radii, we solve it by computing a capacity-constrained Voronoi diagram over a
suitably defined density function, whose value at each location is inversely proportional
to the required disk area. The process is illustrated in Figure 2.

In summary, the contributions of this paper are as follows:

—We tackle the novel problem of generating projected imagery by shining light
through a 3D-printed perforated surface.

— We introduce a novel 3D halftoning approach, where the halftoning dots are

realized as a distribution of tubes passing through a solid surface, with varying radii and
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orientations.

—We present a method that determines the spatial distribution and the parameters
of the individual tubes, while striving to match the target image, subject to fabrication
constraints.

Our results demonstrate the effectiveness of the proposed technique using a variety

of target images. The limitations of the process are also demonstrated and discussed.

2. Related works
2.1 Halftoning and Stippling

Halftoning is a classical technique which played a major role in traditional paper
printing and in digital displays [Kipphan 2001; Ulichney 1987]. Our work leverages this
classical technique in the new domain of digital fabrication and 3D printing.

Throughout the evolution of digital halftoning over the past decades, the dominating
issues have persistently been ones point density and spatial resolution, reduction of
noticeable regular patterns [Mitsa and Parker 1992], and preservation of structural details
[Eschbach and Knox 1991; Pang et al. 2008; Chang et al. 2009; Li et al. 2010].

Similar to halftoning, stippling also uses spatially-varying dot patterns to convey
shading. Balzer et al. [2009] propose using the capacity-constrained Voronoi tessellation
(CCVT) for enforcing the constraint of equal weighted area for the region around each
point in a stippled image. However, the method they propose suffers from high
computational complexity. Consequently, considerable attention was given to developing
faster alternatives. In particular, de Goes et al. [2012] formulate CCVT as a constrained
optimal transport problem. This results in a fast-continuous constrained minimization
method, which is able to enforce the capacity constraints exactly. In this work, we show
how to encode the objectives and the requirements of our 3D halftoning method as a
density function, which enables solving the problem by constructing a CCVT, and use
the method of de Goes et al. for this purpose.

The works mentioned earlier are concerned with generating halftoning and stippling
patterns in 2D, while our work focuses on creating a perforation pattern on a 3D surface
with finite thickness, in the context of 3D printing. In this context, Stucki [1997] first
introduced the idea of 3D digital halftoning for transforming continuous-density objects
into binary representations for rendition with additive fabrication technologies. Lou and

Stucki [1998] further adapt the ordered-dither and error diffusion algorithms to the 3D
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case, focusing on stereolithography (SLA) printing techniques. Zhou and Chen [2009]
utilize 3D digital halftoning by replacing a dot with a droplet, to achieve satisfied
approximation accuracy with larger layer thickness, thus reducing the fabrication time
for layered based inkjet printing processes. In contrast to these works, our 3D halftoning
method is designed for the purpose of forming projected imagery that reproduces the

tones of a target image, subject to fabrication constraints.

2.2 Optics-related Fabrication

Recently, design or generation of illumination effects via geometric modulation has
been drawing increasing attention. Mitra and Pauly [2009] introduce shadow art, an
algorithm for computing a 3D volume, whose shadows best approximate multiple binary
images. Subsequent approaches generalize this to colored shadows using volumetric
objects manufactured by transparent acrylic [Wetzstein et al. 2011; Baran et al. 2012]. In
general, they build transmittance functions to simulate light attenuation through multi-
layered attenuators.

Our work is inspired by the technique of Alexa and Matusik [2012], who drill holes
with varying depths on a surface to induce the given image based on the occlusion of
small holes.

Research in this area has also addressed controlling light reflections and refractions
using surface modeling methods. These works cast a desired caustic image by
modulating the geometry using microfacets [ Weyrich et al. 2009], micro-patches [Papas
etal. 2011], B-spline surfaces [Finckh et al. 2010], continuous surfaces [Kiser et al. 2013;
Yue et al. 2014] or normal fields [Schwartzburg et al. 2014], and then milling or
engraving the surfaces. Researchers have also shown light effects in a wide range of
applications, such as steganography [Papas et al. 2012], image display [Malzbender et al.
2012; Levin et al. 2013] and appearance design [Lan et al. 2013].

Printing optical fibers that control light propagation through total internal reflection
between two surfaces has drawn some research attention thanks to the cutting-edge
multi-material 3D printers. Willis et al. [2012] design optical fibers for customizing
interactive devices in display and illumination. Pereira et al. [2014] introduce automatic
fiber routing algorithm that minimizes curvature and compression for optimal light
transmission.

All of the above are high-end techniques, which rely on expensive manufacturing
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equipment and specific materials. In contrast, our method is designed for standard 3D
printing technologies and common, widely used fabrication materials, such as plastic and
powder. For such materials, the light transmittance is very low, as light mostly scatters
due to the surface roughness. Therefore, shape modulation for light or shadow effects
based on surface reflection and refraction cannot be easily adapted. In particular, using
varying material thickness to control the projected image intensity is infeasible, and our

approach is designed for lampshade shells of uniform thickness.

(b) (©) (d)
Fig. 2. Process overview: given a target image (a) we compute a density map (b) whose value at each
location is inversely proportional to the required disk area (as explained in Section 3.1). Next, we
compute a capacity-constrained Voronoi tessellation (c), and inscribe a maximal disk inside each cell
(d). Red shades indicate disks where the radius of the embedded tube is larger than the minimal size
(increasing the brightness), while blue shades indicate disks where the embedded tube is tilted

(decreasing the brightness). The simulated projected image is shown in (e).

(a) (b)
Fig. 3. The physical 3D-printed lampshade shell perforated with tubes of varying sizes and density

(a), and different tilt angles (b), as may be seen from the directions of the toothpicks.
3. Perforated lampshade design

Recall that our goal is to design a 3D-printable perforated lampshade, such that the
light emanating from the lamp forms a continuous tone image, which is as close as
possible to a target grayscale input. Light emanates from the lamp through holes in the
lamp’s surface. Due to the finite thickness of the lamp’s shell, the holes may be thought
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of as tiny tubes, whose density, radii, and orientations vary across the surface, as may be
seen in Figure 3. Since the total distribution of light across the projected image is
determined by the combined effect of light passing through the tubes, our challenge is to
determine the tubes’ parameters, while respecting fabrication constraints imposed by the

need to obtain a printable and structurally sound surface.

P99 S Yy wwwedes

(b) (©)

Fig. 4. (a) Maximally dense packing of the smallest printable tubes, oriented towards the center of the
light source. (b) The corresponding simulation results. (¢) A photograph of the actual projected image
corresponding to this pattern.

Specifically, given a target grayscale image I our task is to configure a set of tubes
perforating the lampshade shell, such that the following objectives and requirements are
satisfied:

a) The projected image IP on a given diffuse surface, henceforth referred to as the
wall, closely approximates the target grayscale values across the projection. Note that
the approximation is up to some scaling factor, since we have control over the total
amount of luminous flux emitted by the light source, as well as over the exposure time,
when capturing the projection with a camera.

b) The projected image should exhibit continuous tones, while resolving fine spatial
detail, as much as possible. In order to achieve this objective, the density of the tubes
should be maximized, while their radii should be minimized.

c) Fabrication constraints: (a) the radius of a tube is bounded below by 7y, to

prevent clogging during the manufacturing process; and (b) any two adjacent tubes must
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have a gap of width greater than d,,;;;, of solid material between them. When the latter
constraint is violated, the shell becomes too fragile.

The densest arrangement of tubes that satisfies the fabrication constraints above is
shown in Figure 4(a). This arrangement corresponds to a hexagonal packing of disks of
radius 7yin + 0.5d,ip, With a tube of radius 1,,;,, embedded at the center of each disk.
The resulting projected pattern is shown in Figure 4(c). Our setup uses a disk-shaped
approximately Lambertian light source that faces a planar projection surface. Thus, the
intensity falls off away from the center due to the increase in distance and in the angles
between the outgoing and incident light to the surface normal of the source and the
receiving surface, respectively. In order to match a target image I, the tube arrangement
must be adjusted in a spatially varying fashion. In order to achieve brighter tones, we
must increase the tube radii, but darker tones cannot be achieved by decreasing the radii,

since this would violate the first fabrication constraint above.

© ()

Fig. 5. For an input image (a), if we directly apply the stippling result (b) while ensuring the
printability constraints, continuity and target grayscale tones cannot be achieved simultaneously in
the projected imagery (c). Our method achieves a continuous result (d) by employing tube tilting to
darken the tone. Here, (c) and (d) are both simulated images.

One alternative is to employ a stippling approach to generate a variable density set

of tube positions that would satisfy the fabrication constraints above. However, such an
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approach necessitates spacing tubes much farther apart from each other in the darker
areas of the image, resulting in projection of isolated light dots inside such areas. Thus,
continuity and spatial detail resolution has to be severely compromised. Instead, we
propose decreasing the amount of light passing through tubes in darker areas by tilting
their directions away from the light source center. This solution avoids unnecessarily
isolating tubes, and plays an essential role in achieving continuous gray tones in the
projected imagery. It is worth mentioning that the tilting angle is not restricted by
fabrication capabilities, which offers enough variable tuning range.

The inadequacy of a stippling-based approach is demonstrated in Figure 5. Here,
starting from an input image (a), we use a state-of-the-art stippling method [de Goes et
al. 2012] to generate the pattern in (b). In order to satisty the fabrication constraints, the
number of dots in this pattern is limited to roughly 3K. This results in a (simulated)
projected image with poor continuity and isolated light spots, especially inside the darker
tone areas around the dog’s eyes and nose. Using our proposed solution, we are able to
distribute roughly 6K tubes across the lampshade, thereby achieving the same apparent
grayscale range, but in a much more continuous fashion.

Note that in order to ensure a minimal inter-tube distance, both widened tubes and
tilted tubes must be placed inside larger disks on the lampshade surface, as illustrated in
Figure 8. The radius of each disk is chosen so as to accommodate the widened or tilted
tube, in addition to a safety margin of width 0.5d,,;,. In summary, each target intensity
at a particular location corresponds to a certain disk radius, and our goal is to distribute
a set of tightly packed nonoverlapping disks with the desired radii across the relevant
portion of the lampshade surface.

We attempt to achieve the required disk arrangement by computing a capacity-
constrained Voronoi tessellation over a suitably defined density function, and inscribing
a maximal circle inside each tessellation cell. The density function for a particular target
image is determined from the differences between the target image intensity and the
simulated projected image corresponding to the maximum uniform density pattern,
shown in Figure 4(b).

3.1 Computing the target density function
Given the lamp setup (lampshade and wall geometry), we compute the densest

arrangement of tubes that satisfies the fabrication constraints. Thus, the surface is
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tessellated by uniform hexagonal cells, and for each cell the maximal inscribed circle is
with radius 7,;, + 0.5d,,;,,, such that the smallest tube (radius 1;,;,,) can be perforated.
We take the projected image as the reference B,. The arrangement, the result of the
simulation, and a photograph of the actual projected image are shown in Figure 4. The
simulation process is described in detail in Section 3.4.

Image B0 indicates the darkest continuous tones that can be achieved via varying
radii; hence, darker tones are achieved by tilting tubes. Given a target image I¢, the
reference BO enables us to determine the tube mode, radius enlarging or tilting. For both
modes, an embedding disk with radius larger than 7,,;, + 0.5d,,;, 1s needed for shape
modulation. Then we will define a density function on the wall based on the desired radii,
which is used to compute a capacity-constrained Voronoi tessellation.

Since the projected image is formed on the wall by a linear combination of light
transmitted through the tubes, we first linearize the given target image I by applying
an inverse gamma correction. We assume that the target image is gamma corrected with

a standard gamma value of 2.2.

. O-Sdmin // T ' 0. 5dmm / o —\

mm ,

r // _- ‘
. | occluded
unoccluded

Fig. 6. The un-occluded area inside one hexagonal cell on the lampshade.

Left: un-tilted tube case; Right: tilted tube case.

For each projected image pixel p(x,y), whose target grayscale value is given by
I*(p(x,y)), we match the target intensity by controlling the degree of occlusion of the
light source by the perforated lampshade:

E,(p) = KEy(p(x,y)); (1)

where EQ(x,y) is the unoccluded illuminance of (x; y) on the wall (eq. 4), and K

indicates the proportion of light un-occluded by the lampshade. For a uniform hexagonal

tessellation on the lampshade, inside each cell we have K = Area(unoccluded)/
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Area(Cell). Approximating the area of each cell by that of a planar hexagon, we can
express K as a function of 7.

Specifically, for the un-tilted case (Figure 6 left), let r be the radius of the maximal
inscribed circle inside the hexagon, then the un-occluded area is a disk of radius 7y,;, +

0.5d,,;, and we have:

_ H(T—O.Sdmin)z
K(r) - 2\/§T2 (2)

For the tilted case, the tilted tube has the radius 7,,;,, and it is tilted by the maximal
angle afforded by a disk of radius 0.5d,,,;,- The un-occluded area is the intersection of

two disks (see Figure 6 right and Figure 8), and we have:

2 -1
T min€0S (

d )—d r2. _q2

. min~
"min

i 3)

K(r) =

where d =1 — 1y — 0.5d pin-

Thus, starting with the densest manufacturable arrangement of tubes, by comparing
the corresponding projected image B0 to the target image It we determine the locations
where the tubes must be enlarged or tilted. Specifically, if I¢(p(x,y)) = By(p(x,y))
the relevant tubes must be enlarged with the desired cell radius determined by equation
(2). On the other hand, if I*(p(x,y)) < By(p(x,y)), the relevant tubes must be tilted
and the desired cell radius is determined by equation (3).

In our current implementation, we compute the capacity-constrained Voronoi
tessellation on the planar wall domain. Thus, we need to convert the desired radii on the
lampshade to ones on the wall. Specifically, given aradius r of a disk on the lampshade,
we compute the radius 7, of a disk on the wall, such that its projection back onto the
lampshade (ellipse in the spherical case) has the same area as the original disk of radius
T.

Given the target disk radii 7, across the projection area, we set the density to be
proportional to the inverse of the disk area, p,,(x,y) = 1/r2. The density values are
normalized, such that max p,, = 1. In practice, we impose an upper bound of 1.3mm on
the tube radius. Thus, the density function is bounded from below, with the actual bound
varying across the projection surface.

3.2 Computing the disk distribution

Given the density function p,,, and a desired number of disks N, we use the method
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of de Goes et al. [2012] to compute the optimal Voronoi tessellation satisfying the equal
capacity constraint, and fit a maximal inscribed disk inside each of the resulting

tessellation cells.
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Fig. 7. The percentage of correctly sized disks is plotted as a function of the total number of disks.
The disks and corresponding simulated images are shown for three locations on this curve. Disks
that achieve their intended radius are indicated by green shades. Red and blue disks indicate that

they are larger or smaller than the desired radius, respectively.

Although the above method is able to enforce the capacity constraints exactly, the
resulting Voronoi cells are not necessarily hexagonal, and thus some of the maximal
inscribed disks may deviate from their intended size. We estimate an initial value for N
by computing p,4, the amount of density per disk in the dense reference pattern B, and
dividing the integral of the target density function by p;. We found that this estimate
typically results in a large percentage of disks being too small. We thus employ a binary
search to find the number of disks N for which the percentage of disks which achieve
their intended radius (within 0.05mm) is greatest. Figure 7 shows demonstrates how the
percentage of correctly sized disks varies with the total number of disks for the dog
example.

While most disks are acceptably close to their desired radius, there are still disks
which are too large or too small. Consequently, the amount of light transmitted through
the embedded tubes could be smaller or larger than the desired intensity. Larger disks are
handled by reducing the embedded tube radius or tilt angle, as needed to match the

originally intended ones. Smaller disks are resolved by locally reducing the density in
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such areas. For each group of such disks, whose Voronoi cells are connected, we remove
disks randomly one by one. After each disk removal, we enlarge the group of cells along
the one-ring neighborhood to include their immediately neighboring cells, and locally

relax the remaining disks in this area via centroidal Voronoi tessellation using Lloyd’s

method.
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Fig. 8. Illustration of the tube generation.
3.3 Tube generation

For each disk D centered at p(x,y) with radius 7, onS,,, we first subtract the
safety margin to obtain a smaller concentric disk Dj.

In the case where I*(p(x,y)) = By(p(x,y)), we generate a tube directed at the
center of the light source by intersecting the oblique circular cone defined by D, and
the light source center with the lampshade shell, as shown in Figure 8.

If I*(p(x,y)) < Bo(p(x,y)), a minimal radius tilted tube is generated inside the
inner disk DO. In order to avoid structured artifacts, the orientation of the tilted tube
inside DO is chosen at random by placing two minimal radius disks D; and D, near the
circumference of D,. D; and D, are then projected onto the outer and the inner
surfaces of the lampshade shell, respectively (see Figure 8). The tilted tube is formed by
connecting the two resulting contours. Note that the tilt angle grows with the radius of
D,.

At this point, a printable 3D model of the perforated lampshade may be generated
and printed by a 3D printer.
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3.4 Projected image simulation

The projected image is formed by the light emanating from the light source inside
the lamp, passing through the tubes in the lampshade and reaching a receiving surface
(wall). Thus, the amount of reflected light at each point on the wall depends on the
emission characteristics of the light source, the geometric relationship between the light
source and the receiving point, the visibility between them, and the reflectance

characteristics of the wall.

nght Lampshade Wall

>
N

Fig. 9. Illustration of the illuminance computation.

6,

-..

The light source that we use in this work is a small and powerful COB (Chips on
Board) LED, which is roughly disk-shaped with a diameter of 9mm. In our simulations,
we represent this area light source as a collection of n point light sources {l;}/=;, each
emitting a luminous flux of ®; = ®/n, where ®; is the luminous flux for the entire
light source, measured in lumens. We use n = 76 in our results.

For a Lambertian light source and a Lambertian reflector, the total illuminance

E,(p) (in lux) reaching a point p on the receiving surface is given by
E,(p) —Zl COS(G)COS(Gp)V(pJ) 4
where 7 is the distance from p to [;, and 6; and 6, are the angles between the
line connecting the two points and the two normals, as shown in Figure 9. V(p, ;) is the
visibility between p and [;.
In practice, we found that our light source is not Lambertian, and its emitted

luminance diminishes as the angle 6; increases. Furthermore, we found that this

behavior is slightly anisotropic, and the luminance diminishes more quickly in the
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vertical direction. Empirically, we found that the non-Lambertian behavior and the
anisotropy are still well modeled by Equation (4), provided that the horizontal and
vertical coordinates of the point p (with respect to the center of the image) are each scaled
by an appropriate factor. Specifically, the scaling factors that we use are 1.7 and 1.9 for

the horizontal and the vertical coordinate, respectively.

—model —model
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0.6} 0.6+
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0 : : : 0 ; : :
0 500 1000 1500 2000 0 500 1000 1500 2000
X coordinate Y coordinate

Fig. 10. The measured intensity of the projected image (red) is well predicted by our model (blue).
Left: a horizontal slice through the center, right: a vertical one. Note that the horizontal and vertical

falloff rates is different.
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Fig. 11. One tube (diameter 1.2mm) with varying tilting angles. Top row: simulated footprints;

Second row: the physical footprints; Bottom: plot of the normalized sum of simulated illuminance

values in the footprint and the sum of grayscales across an actual footprint photo.
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The accuracy of our empirical model is demonstrated in Figure 10. The red curves
show a horizontal (left) and a vertical (right) cross section through the projected image
shown in Figure 4(c), and the blue curves are the values predicted by our model.

We evaluate the visibility of points on the light source using ray casting (see Figure
9). Note that it is not necessary to intersect rays with the complete geometric model of
the perforated lampshade shell. Instead, we quickly determine a small set of tubes that
are relevant for a given ray, and check whether the ray passes through one of these tubes,
without intersecting the tube’s surface. Note that the above approach accounts only for
direct illumination, without considering reflections, subsurface scattering, etc. In order
to assess the magnitude of these effects, we have sprayed the interior of lamps with black
paint, and found the differences in the measured intensity very small. The main difference
is that this reduces the amount of ambient light in the room, leading to projected images
with slightly better contrast.

Accurate light source visibility estimation is particularly important for correctly
simulating tilted tubes. Figure 11 shows the simulated and the actual light footprints of a
single tube, for a variety of different tilt angles. The sum of the intensity across the area
of the footprint is plotted below (normalized such that the maximal sum is 1.0). We can
observe that the simulation predicts the illuminance reasonably well, with some
deviations between the two curves due to imprecisions in the manufacturing process.

Finally, in order to visualize the simulated results, we convert them into grayscale
values by scaling the result into a [0-1] range, and applying a gamma correction (we use
gamma 2.2 in all our results). Fig. 11. One tube (diameter 1.2mm) with varying tilting
angles. Top row: simulated footprints; Second row: the physical footprints; Bottom: plot
of the normalized sum of simulated illuminance values in the footprint and the sum of

grayscales across an actual footprint photo.
4. Results

We have implemented the method described in the previous section, and have used
the resulting system to design a number of lampshades for projecting a variety of target
images. The results may be seen in Figures 1 and 16. The lampshades in all of these results
have spherical geometry, with a diameter of 22cm. To save material we typically perforate
each spherical lamp with two images on two opposing sides. The light source we use in

our results is a Cree® XLamp® CXA1507 LED with 3000K color temperature, which is
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roughly disk-shaped with a radius of 9mm. The perforated lamp projects its image onto a
planar rear projection screen that offers high light transmission, located at a distance of
40cm from the light source. The physical size of the projected image is 100 X 100cm?.
Figure 12 shows a photograph of our setup. The photographs of the projected images
shown in this paper are shot from the opposite side of the screen for eliminating distortion,
using a Canon EOS 5D Mark II camera, with exposure 1/80 sec, /4.0, and ISO 400

settings, in a room without any additional light sources.

Fig. 12. A photograph of our setup.

The resulting lampshade designs have been 3D-printed to allow a qualitative
evaluation of the projected imagery. The lampshades were printed on a powder-based
binder-jet printer (ProJet® 660Pro). The thickness of the lampshade shells was set to 3mm,
which, in our experience, is the lower bound to ensure the structural integrity. We found
that it is hard to blow the powder away from the tubes when 1,,;,, is smaller than 0.6mm,
and that adjacent tubes are prone to collapse when d,,;;, is smaller than 0.5mm.
Therefore, we set 13,;, =0:6mm and d,;,;;, = 0:5mm. The manufacturing time for such
a spherical lampshade includes 16.5 hours of printing and 1 hour of drying. The inside
surfaces of the lamps were sprayed with black paint, which somewhat improves the
contrast of the projected images.

Our method is also applicable to non-spherical lampshades, as demonstrated in
Figure 17, where the lampshade is a bumpy surface (bounded by a sphere of diameter
22cm). This is made possible by the fact that the capacity-constrained Voronoi

tessellation takes place on the planar receiving surface, rather than on the more general
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lampshade surface. The tubes are generated by back-projecting disks from the receiving
surface through the lampshade shell, which can thus be of a general, non-spherical shape.
It should be noted, however, that our current implementation assumes that the lampshade

shape is free from self-occlusions.

| Model || Initial #disks ‘ Final #disks | % correct size ‘

Marilyn 7323 5789 79.47
CircularRamp 7914 6321 87.73
Hepburn 7617 5945 82.50
Kelly 7563 5914 80.74
Marlon 7167 5607 81.34
Toucan 6926 5352 7576
Lion 7243 5650 74.81

Dog 7891 6055 82.12

Kelly (bumpy) 8912 7120 65.17

Table I. Statistics for our results Initial disks is our initial estimate of the required number of disks,
which serves as a starting point for a binary search, after which we achieve the final number of
disks. The percentage of correctly sized disks among these are reported in the right column.

Table I reports several statistics for each of these results. The computation time of
our method consists of two main parts: computing the disk distribution and generating
the 3D model of the lampshade perforated with tubes. For the lamps shown in the paper
it takes less than 5 minutes to run the method of de Goes et al. [2012] up to 10 times,
while searching for the optimal number of disks. The resulting lamps have around 6000
tubes, and the 3D model generation takes roughly 1 minute. For verification, we typically
compute a simulated result before sending a lamp to be printed, which takes roughly 1
minute. All of the above times are measured on an Intel® Core™ i5 CPU 3.3GHz with
8GB RAM.

Figure 13 shows two qualitative comparisons between the target image, the
simulated result, and the physical projected image. This is done on two examples: a
concentric circles pattern featuring four regions of a constant grayscale value, and a more
complex natural image. Below each image, we show the corresponding histogram, in
order to better examine the differences between the corresponding tone distributions.

In the concentric ramp case (13a), it obviously infeasible to reproduce the ideal four-
way distribution of grayscale values with our process. Our design process approximates
this distribution with four wider peaks (the black peak coincides with the left edge of the
histogram). A photograph of the actual projection features four similar peaks, although

there are slight differences in their positions and spread. The target image of Marilyn

117



h 28 K 2218 4 22 7 X

Monroe (13h) has a nearly uniform histogram. This histogram is reproduced reasonably
well by our process, however, both the simulated and the actual projected image have

more mass in the lower part of the grayscale range.

50 100 150 200 250 o 50

(k) M (m)

Fig. 13. Two comparisons of the target image (a, h), our simulation result (b, i), and a real photo of

the projected image (c, j). The corresponding histogram is below each image. The circular ramp (a)

consists of three gray values: 85, 170, 255.

These two examples illustrate well some of limitations of this new medium.
Achieving bright tones in the middle of the image is relatively easy (since the distance
between the receiver and the light source is minimal there, and both cosines in Eq. (4)
are near 1.0). However, reproducing dark tones in the central region is challenging
because of the necessity to use large tilt angles. As explained earlier, extensive use of
tilting requires reducing the tube density, thereby reducing spatial resolution. Conversely,

achieving light tones at the periphery of the image is difficult, because of the falloff in
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the illuminance, and increasingly wider tubes are needed to produce a light tone in the
periphery. Thus, there’s a tradeoff between our ability to reproduce the full tonal range,
and our desire for better spatial resolution. In particular, by imposing an upper bound
(1.3mm) on the embedding disk radii across the lamp surface, we are not able to match

the lighter tones of the target image beyond a certain radius.

0 50 100 150 200 250 300

Fig. 14. Frequency and contrast response. Given the radial cosine waves as the input patterns (left),

the results of our method (middle) are influenced by both frequency and radial distance from the
center, as shown in the amplitude plot (right).
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Fig. 15. Simulated projected images with the position of the lampshade shifted horizontally (top
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row) and lampshade rotated (bottom row) for the Kelly model shown in Figure 17.
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Fig. 16. Additional results on spherical lampshades. Left: our 3D-printed lampshade, with light
projecting through the surface. Right: the photo of projected image. The lamps are 22cm in

diameter.

The above can be observed in a more quantitative manner in Figure 14, which shows
the response of our method to several radial cosine waves with the frequency increasing
from top to bottom row. Next to each input pattern we show the simulated result produced
by our method and plot the amplitudes of the input wave (in red) and the result (blue), as
a function of the radial distance. It may be observed that for all frequencies our method
fails to reproduce the waveform beyond a certain radial distance, with the distance
slightly decreasing as the frequency increases. It may also be seen that in the areas where
the waveform is reproduced, the contrast response also decreases with frequency: while
in the top row the ratio between the reproduced amplitude to the input one is roughly

0.89, this ratio drops to 0.40 in the bottom row.

5%

Fig. 17. A non-spherical lampshade(a), the maximal inscribed disks inside each cell of the CCVT

(b), shown using the same color coding as in Figure 2, and the resulting simulated image (c).
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In practical usage, the position of the lampshade or the inside light source, or the
relative orientation between the two may differ slightly from the ideal conditions
assumed in the design process. Figure 15 demonstrates that the projected image is still

acceptable, so long as these deviations are not too large.

Fig. 18. One of our manufactured lamps in a natural setting.
5. CONCLUDING REMARKS

We have presented a technique to design printable perforated lampshades. The main
challenge was to control the light emanating through the lampshade under the unique
printability constraints and engineering setting. The technique that we developed extends
classical halftoning to a novel domain, where the “dots” are not printed, or physically
tangible, but projected, effectively halftoning with light.

Our current implementation assumes that the receiving surface is planar, and that
there are no self-occlusions due to the shape of the lampshade. Thus, the distribution and
the geometry of the perforating tubes can be determined by intersecting cones formed by
disks on the receiving surface and the center of the light source with the lampshade shell.
However, our framework is able to support more general lampshade shapes and receiving

surfaces. Specifically, the generation of tubes needs to be adjusted to ensure that light
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reaches the receiving surface even in areas where self-occlusions exist, and the
transformation between areas on the receiving surface and tube cross sections must be
computed in a more general fashion.

The 3D printing technology is emerging and growing quickly, and many new
intriguing applications are introduced. We believe that the combination of light and 3D
printing has much more to offer. One direction which we now consider is not to use the
light directly, but indirectly, by using the printed surface as reflector. The printed surface
can be customized to the given environment, to its geometry and photometric properties,
so as to optimize the distribution of light by a custom-made reflector.

Another direction for future work is to go beyond the printability constraints, by
assembling a large-scale lampshade from surface pieces printed separately. This will
allow using bigger and stronger light sources, and possibly compound arrays of light
sources. A larger surface area will allow increasing the relative resolution of printed holes,
and project an image on larger and more distant receiving surfaces. We are also
considering focusing on the design of aesthetic imagery on the lampshade itself.
Halftoned and stippled images have their own aesthetic virtue. In Figure 18, we show
our lamp in a bedroom. Light effects combined with halftoning can lead to creative

artistic media.
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Connected Fermat Spirals for Layered Fabrication

Abstract: We develop a new kind of “space-filling” curves, connected Fermat
spirals, and show their compelling properties as a tool path fill pattern for layered
fabrication. Unlike classical space-filling curves such as the Peano or Hilbert curves,
which constantly wind and bind to preserve locality, connected Fermat spirals are
formed mostly by long, low-curvature paths. This geometric property, along with
continuity, influences the quality and efficiency of layered fabrication. Given a
connected 2D region, we first decompose it into a set of sub-regions, each of which can
be filled with a single continuous Fermat spiral. We show that it is always possible to
start and end a Fermat spiral fill at approximately the same location on the outer
boundary of the filled region. This special property allows the Fermat spiral fills to be
joined systematically along a graph traversal of the decomposed sub-regions. The result
is a globally continuous curve. We demonstrate that printing 2D layers following tool
paths as connected Fermat spirals leads to efficient and quality fabrication, compared

to conventional fill patterns.

Keywords: connected Fermat spirals, space-filling curve, layered fabrication, tool

path, continuous fill pattern

1. Introduction

The emergence of additive manufacturing technologies [Gibson et al. 2015] has led
to growing interests from the computer graphics community in geometric optimization
for 3D fabrication. The focus of many recent attempts has been on shape optimization:
how to best configure a 3D shape, e.g., via hollowing or strengthening, to achieve quality
and cost-effective fabrication. In this work, we look at the problem from a different angle.
Instead of addressing the higher-level question of what to print, we examine lower-level
yet fundamental issues related to how to print a given object.

At the most elementary level, additive or layered fabrication operates by moving a
print head which extrudes or fuses print material layer by layer. When printing each layer,
the print head follows a prescribed tool path to fill the 2D region defined by the shape of

the printed object. Topologically, continuity of a tool path is critical to fabrication. A tool
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path discontinuity or contour plurality forces an on-off switching of the print nozzle,
negatively impacting build quality and precision [Dwivedi and Kovacevic 2004; Ding et
al. 2014]. Geometrically, sharp turns and corners are undesirable since they lead to
discretization artifacts at layer boundaries and cause de-acceleration of the print head,

both reducing print speed and degrading fill quality [Jin et al. 2014].

« start point
= end point

Figure 1: A new kind of “space-filling” curves called connected Fermat spirals. Unlike classical
space-filling curves which wind and bend, the new curve is composed mostly of long, low curvature
paths, making it desirable as a tool path fill pattern for layered fabrication. The tool path shown is

continuous with start and end points marked; the input 2D layer shape is displayed on the side.
Zigzag has been the most widely adopted fill pattern by today’s 3D printers due to
its simplicity [Gibson et al. 2015]; see Figure 2 for various fill patterns. However, a
zigzag fill consists of many sharp turns, a problem that is amplified when printing shapes
with complex boundaries or hollow structures. A contour-parallel tool path, formed by
iso-contours of the Euclidean distance transform, provides a remedy, but it leads to high
contour plurality since the iso-contours are disconnected from each other. A spiral fill

pattern, for simple shapes such as a square, is continuous. However, for more complex
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shapes, both contour-parallel fills and spiral fills tend to leave isolated “pockets”
corresponding to singularities of the distance transform, as shown in Figure 3(a). These
pockets are disconnected and result in path plurality. An intriguing geometry question is
whether a connected 2D region can always be filled by a continuous pattern formed by

one or more spirals.

=]

(a) Zigzag. (b) Contour-parallel. (c) Hilbert.

= = =l

(d) Spiral. (e) Fermat spiral 1. (f) Fermat spiral 2.

Figure 2: Various space-filling patterns. For a Fermat spiral, the start and exit points on the
boundary can be chosen freely (e-f).

In this paper, we introduce the use of Fermat spirals [Wikipedia 2015] as a
fundamental 2D fill pattern and develop a tool path planning algorithm based on
connected Fermat spirals or CFS to continuously fill a connected 2D region. A Fermat
spiral is an interesting space-filling pattern with two interleaving sub-spirals, one inward
and one outward; see Figure 2(e). Fermat spirals had not been exploited for tool path
planning before and they possess three key properties to make them attractive as a fill
pattern:

1. Like contour-parallel paths, a Fermat spiral conforms to the region boundary, with
one sharp turn in the center.

2. Several Fermat spirals covering a 2D region can be continuously connected. While
a conventional spiral travel either inward or outward, a Fermat spiral goes in and then
out, allowing several of them to be joined at their boundaries.

3. The start and exit points of a Fermat spiral can be chosen arbitrarily over its

boundary; see Figures 2(e-f). This special property facilitates connections between
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Fermat spirals.

We develop an algorithm to construct a CFS curve to fill a singly connected 2D
region. First, the algorithm decomposes the input region into a set of sub-regions each of
which admits a continuous fill by a single Fermat spiral; we call these sub-regions
spirallable. The start and exit points for each Fermat spiral are placed next to each other
along the spiral boundary. We then obtain a continuous traversal of the spirallable sub-
regions and connect their respective Fermat spirals through the start/exit points to form
a globally continuous curve. Further optimization can be applied to improve fairness and
spacing. The resulting curve has fewer sharp turns than a zigzag fill and composed mostly
of long, low-curvature paths.

We show CFS curves constructed for input shapes with varying exterior and interior
complexity. We fabricate 2D layers and 3D prints using CFS patterns and compare the
results visually and numerically to those provided by conventional fills via zigzag and
contour parallel tool paths. The new fill pattern appears to excel at handling shapes with
much concavity and many interior holes.

In retrospect, the desirable properties we seek from connected Fermat spirals are
almost completely opposite to those possessed by classic space-filling curves such as
Hilbert curves; see Figure 2(c). Hilbert or Peano curves are designed to wind and bend
to preserve locality of the space traversal. CFS curves are meant to avoid bending as
much as possible to attain a higher degree of fairness. In general, CFS curves are not
guaranteed to completely cover an arbitrary 2D region even at infinitely high resolution.
As well, our new curves do not possess recursive properties as the classical space-filling
curves. For layered fabrication however, the new curve is clearly more attractive than

fractal-like fill patterns.

Figure 3: Overview of connected Fermat spiral algorithm. (a) Iso-contours via distance transform
lead to four “pockets”. (b) Decomposition into four sub-regions, each to be filled using a single
Fermat spiral. (¢c) Connecting single spirals into a globally continuous curve. (d) Visualization

(lower resolution for ease of visualization) of the continuous curve through smooth color transition.
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2 Background and Related Work

Recently, there has been a flourishing of works in computer graphics on optimizing
3D shapes or their configurations for efficient and effective fabrication, e.g., to ensure or
improve physical stability [Pr'evost et al. 2013], structural strength [Stava et al. 2012;
Hildebrand et al. 2013; Lu et al. 2014], or appearance [Zhang et al. 2015] of the print, to
save material [ Vanek et al. 2014b; Hu et al. 2014], and to adapt to the limited print volume
[Luo et al. 2012; Vanek et al. 2014a; Chen et al. 2015; Yao et al. 2015].

In this section, we focus on the tool path planning problem in the context of additive
manufacturing (AM). First, to explain the importance of continuity and fairness for the
tool paths, we present some background material on nozzle mechanisms that control the
viscoelastic material that is extruded along the path, as well as the mechanics of the
motors that control the tool paths. Then we discuss related geometric and engineering
approaches for optimizing tool paths. Our coverage is not meant to be exhaustive.
Interested readers should refer to the book by Gibson et al. [2015], short surveys from
[Kulkarni et al. 2000; Ding et al. 2014], as well as the recent SIGGRAPH course by Dinh
et al. [2015].

Tool path continuity. Fused Deposition Modeling or FDM is the most widely
applied AM technology. During the FDM process, filament is melted into viscoelastic
material and extruded from a small opening of the print nozzle. Due to liquid
compressibility, it is generally hard to predict the amount of viscoelastic material to emit
in order to create a continuous extrusion control. Consequently, the first portion of the
filament from the nozzle usually under- or over-fills. Such uneven fills cause visual
artifacts when they occur near the surfaces of the printed object. When they occur
between fill paths, attachment between filaments can be weakened, lowering the strength
of the print. When turning off the extrusion, the temporal gap between the stopping of
the feed motor and that of the filament extrusion is difficult to control, which again leads
uneven fills. Similar situations also arise when the print material is fused by the print
head, e.g., for powder-based printing. As well, any discontinuity along a tool path
necessitates a nozzle movement which does not contribute to the print. Thus, the primary
objective in designing tool paths is to minimize the on/off switching along the path, or
in other words, to maximize its continuity.

Tool path geometry. The geometry of tool paths, in particular their curvature,
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influences fabrication time and quality. As a tool path rounds itself about a sharp turn,
more de-acceleration and acceleration times are required, causing more of a slow-down
of the extrusion head, as compared to the case of a soft turn. As well, acute turn angles
also lead to more over-fill or under-fill of the filament [Jin et al. 2014]. Hence, a long
and continuous tool path without sharp turns may enable the extrusion head to move
along the whole tool path at a speed that is close to the highest allowed with small
changes, leading to efficient and quality fabrication.

Direction-parallel vs. contour-parallel fills. The most popular fill method in
commercial AM systems follows the zigzagging pattern [Ding et al. 2014]. Along with
raster scans, zigzagging belongs to the class of direction-parallel fills. In contrast,
contour-parallel paths are comprised of a set of closed contours parallel to the outline of
a given slice [Yang et al. 2002]. Over simple 2D regions, such paths lead to smoother
turns and object boundaries compared zigzagging [El-Midany et al. 1993], but they
always have a high contour plurality. Hybrid fills have also been proposed [Jin et al.
2013]; they generate a few contours inward before filling the remaining interior area with
a zigzag, but attachment between the two fill patterns can become suspect. When the 2D
slice to be filled has a complex shape with many concavities, standard implementations
of both fill patterns are prone to discontinuity issues.

Spiral tool paths. Spiral tool paths have been widely applied for pocket machining
[Ren et al. 2009]. Held and Spielberger [2014] decompose a 2D layer into spirallable
pockets and machine each pocket following a separate, classical spiral pattern; no
globally continuous path was constructed. Spiral tool paths are less common for AM and
one major reason (also applicable to contour-parallel fills) is that due to a lack of
direction bias, spiral patterns for adjacent slices replicate each other and cannot be
“cross-weaved” at an angle; this could compromise fabrication strength for FDM printers
[Gibson et al. 2015]. This problem may be fixed by hybrid fills, e.g., alternating between
spiral and zigzagging layers. Our work focuses on how to optimize the continuity of
spiral fills.

Space-fill curves. A continuous tool path that fills a 2D region is a space-filling
curve (SFC). SFCs have been adopted for various applications, e.g., image encoding
[Dafner et al. 2000] and maze design [Pedersen and Singh 2006]. Fractal-like SFCs have
been suggested as fill patterns for AM [Wasser et al. 1999]. However, they are complex
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to realize and full of sharp turns. The tool path fill problem has some resemblance to
lawn mowing [Arkina et al. 2000], which is formulated under a rather different setting:
it seeks the shortest path for a “cutter” with a prescribed shape to cover all points
(possibly multiple times) in a 2D region.

Labyrinths. Mazes and many famous labyrinth patterns are also space-filling
[Wikipedia 2016]. A unicursal labyrinth curve is continuous and starts and ends at the
same point, just like our connected Fermat spirals. Pedersen and Singh [2006] developed
a stochastic curve evolution algorithm to produce expressive, space-filling labyrinths
where the Brownian motion of the curve particles are subject to attraction-repulsion
forces, as well as local fairness and field alignment constraints. In contrast, our algorithm
is top-down and with more global structural control in the construction. The resulting
curves have smoother boundaries and less turns.

Domain decomposition. One interesting way to obtain a continuous tool path is to
decompose a 2D region into several subregions each of which admits a continuous fill.
Then these regional fills are connected to achieve global continuity. Along these lines,
[Dwivedi and Kovacevic 2004] decompose a polygon into monotone sub-polygons and
fill each sub-polygon using a closed zigzagging curve, along which the start/entry point
can be chosen arbitrarily. Ding et al. [2014] execute convex decomposition and for each
convex polygon, an optimal zigzagging direction is found to facilitate continuous
connection between the polygon fills. However, both methods were designed to deal with
polygon inputs and cannot properly handle shapes with smooth concave boundaries.

Our work also relies on a region decomposition while it can deal with arbitrary 2D
shapes as input. Instead of using zigzags, we employ Fermat spiral fills to achieve both
continuity and a higher degree of fairness. The decomposition scheme is designed to
accommodate contour-parallel and spiral tool paths.

Continuously fillable shapes. Polygon convexity [Ding et al. 2014] and
monotonicity [Dwivedi and Kovacevic 2004] were chosen in the domain decomposition
approaches to achieve tool path continuity since both shape properties ensure a
continuous fill by the zigzagging pattern. For monotone polygons, a limited set of scan
directions guarantee this, while for a convex polygon, any scan direction leads to a
continuous zigzagging fill. Spirallability is their counterpart for spiral or contour-parallel

fills and to the best of our knowledge, such a shape property has not been studied before.
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3 Spirals, Fermat Spirals, and Spirallability

Before introducing spirals, we first study contour-parallel tool paths and relate them
to the Euclidean distance transform of a 2D region. Then, we describe how to convert
the parallel contours into a regularly spaced spiral pattern and define spirallability.
Finally, a spiral fill is converted into a Fermat spiral fill, where we can choose the start

and end points on the boundary arbitrarily.

(d)

Figure 4: From contour-parallel paths (a) to a spiral (c), by breaking and rerouting adjacent iso-

contours (b). In general, the distance transform has multiple local maxima (d). If the maximum is
unique, the region is spirallable (a-c).

Contour-parallel path as iso-contour. Let R be a connected 2D region whose
boundary is denoted by dR. A Euclidean distance transform for dR defines a scalar
distance field 9z over R where for each point p € R, 9z(p) is the shortest distance
from p to dR. An iso-contour associated with distance d is composed of all points in R
whose scalar value is d; the boundary dR is the isocontour associated with the iso-
value 0. Subject to the width of the fill material for the fabrication process, the set of
contour-parallel tool paths correspond to a set of equidistant iso-contours, which are all
disconnected from each other, as shown in Figure 4(a).

Spiral and spirallability. Two adjacent iso-contours can be connected to form a
single continuous path by breaking and rerouting the contours, as shown in Figure 4(b).
Rerouting adjacent contours in such an offsetting fashion would lead to a spiral pattern.
If the distance field within R has a single local maximum or plateau, to which all the
iso-contours would ascend, then these contours can be rerouted into a single continuous
spiral path that fills the 2D region R, as shown in Figure 4(c). We call such a region R
spirallable. Non-spirallable regions have multiple pockets corresponding to separate
local maxima and cannot be converted into a single continuous spiral with a simple
rerouting as described.

Fermat spiral. A spiral fill path m for a spirallable region R can be converted into
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a Fermat spiral. As we show below, we can also choose the start and end/exit points of
the Fermat spiral traversal arbitrarily, with both points lying on the region boundary.

Starting from a point p € m, trace the upward gradient line over the distance field
Or to intersect m at L(p), if it exists. If p is close to the maximum of 9y or center
of the region R, where the path m is thinning out, then the gradient line may not
intersect . We call L(p) the inward link for p with respect to m; see Figure 5(a).
Similarly, we define the outward link O(p) for p by tracing the downward gradient
and intersect. If p lies on JR, then such an intersection would not exist. The outward
and inward links will serve as rerouting points for the conversion to a Fermat spiral.

To help describe the rerouting procedure, we impose a partial order < along path =
based on inward traversal. Thus, the first point is the end point of m on the region
boundary and the last point is at the region center. Two points p < q if the inward
traversal along m reaches p before q. Next, we impose a discretization spacing and
denote the point preceding (respectively, succeeding) p along 7 at a distance by B(p)

(respectively, V' (p)); see Figure 5(a).

p1 Pout  Din

(a) (b) (c)
Figure 5: Rerouting a spiral (a) into a Fermat spiral (c). (a) A point p and its corresponding inward
L(p) and outward link O(p), as well as points B(p) and N (p) which are before and after p
along the path. (b) Starting at p;,,, reroute at p; = B(pyy:) and go inward to p, = L(B(Pyyt)), and
continue. (c¢) Resulting Fermat spiral.

Let p;, be the starting point of @ and suppose that we would like the Fermat spiral
to exist at pout along the outermost portion of 7. As shown in Figure 5(b), we start at
pin and travel along m until reaching p; = B(poy:)- Then we reroute the path inward
from p; = B(poyue) to its inward link p, = L(p,), continue traveling along m until
reaching p; = B(L(B(p41))), and reroute from this point to its inward link. This form of
inward rerouting is executed iteratively until reaching the center of the region, at which

point, the traversal is reversed into an outward one with a turn. The outward rerouting is
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through the outward links, starting at the region center, passing through portions of m
that were not traversed during the inward spiral, until the outward spiral exits at pout;
see Figure 5(c).

The way the rerouting points are placed in the above conversion procedure leads to
jaggies or staircasing at every turn along the Fermat spiral. These artifacts are removed
by a post-optimization.

4 Continuous Fermat Spiral Fill

In this section, we describe our algorithm for constructing a continuous path fill, as
connected Fermat spirals, for an arbitrary, singly connected 2D region R. The key is to
properly reroute level set curves or iso-contours derived from the Euclidean distance
transform of the region boundary dR. Within a pocket, the rerouting produces a Fermat
spiral. Between pockets and near branching regions, rerouting serves to connect the

spirals.

Ro

® Typel
€11 ® Typell

(b)

Figure 6: An example of a spiral-contour tree with five spirallable regions. (a) Interior decomposed

sub-regions shown in distinctive colors. The short red lines indicate connection locations. (b) The
minimum spanning tree of the spiral-contour tree. (c) Connecting adjacent Fermat spirals to form a
single continuous path.

Given a prescribed path fill width w specifying spacing between iso-contours, we
construct the set L of iso-contours using the Clipper algorithm [Johnson 2015] over R.
We index an iso-contour by C; j, where i indicates its distance from the region boundary
OR, d(aR, C; j) = (i — 0.5)w, and j is an index among all iso-contours with the same
distance index i. For example, C;;and C;;» with j # j’, would belong to two separate

pockets. Without loss of generality, we assume that C;,; is always the outer region
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boundary OR.

We build a tree, called the spiral-contour tree, whose nodes are the iso-contours and
whose edges denote their connectivity with edge weights encoding how preferable it is
to connect the iso-contours. The tree is used to recursively reroute the contours in a
bottom-up fashion, producing a single continuous path.

Tree construction. We first connect iso-contours with consecutive iso-values, e.g.,

Cij with C;,4 jv, into an initial graph. To this end, we define a connecting segment on

cC;j towards C;,qjr as:

0., ={p€Cijld(p,Ciyrjr) <d(p,Cir1x). k #j'},
where d(p,C) denotes the distance from a point p to points along a contour C.

The segment O, ; i+ is formed by possible rerouting points between the two iso-contours.

LJJ

We add an edge between C;;and C;.q; to the graph if O;;; # 6. The weight

lj'j

assigned to the edge is length (O, ; 7). The preference is to not reroute over a long

iLj.Jj
connecting segment since such a segment is preferred to remain intact to form long, low-
curvature paths.

After building the initial graph on iso-contours, we compute a minimum-weight
spanning tree, the spiral-contour tree, with C;; as the root; see Figure 6(b). The tree
nodes fall into two types. Type I nodes have degrees less than or equal to two and they
correspond to iso-contours that form spirallable regions. Specifically, each such region,
e.g., Ry, Ry - R, in Figure 6(a), is formed by a path of Type I nodes. Type Il nodes have
degrees greater than two, e.g., those colored in light blue in Figure 6(b), and they

correspond to branching iso-contours. Such an iso-contour provides an interface between

spirallable regions and possibly other Type II nodes.

Rerouting. To obtain a globally continuous path, we reroute the iso-contours in a
bottom-up fashion, starting from leaf nodes and ending at the root. There are two types

of rerouting operations. The first connects iso-contours in a spirallable region, e.g., R,
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in Figure 6, into a single Fermat spiral with start and exit points next to each other. This
operation follows the procedure described in Section 3 and illustrated in Figure 5. The
second operation connects the start and exit points of a Fermat spiral to a Type II iso-
contour, at the closest points (gray points), as shown in the inset figure. Wherever
possible, rerouting points are reused to avoid creating new points representing sharp turns.

Curve optimization. The tool path obtained so far is globally continuous and covers
the input region R, but it is only C° continuous and possibly suffers from highly
nonuniform spacing. In postprocessing, we locally optimize the curve to improve its
fairness and spacing. The current curve is first adaptively sampled based on curvature so
that more samples are placed near sharp turns. The objective function is a weighted sum
of three terms: the first term penalizes large perturbations; the smoothing term is defined
by a chord-length weighted 1D discrete Laplacian; and the spacing term keeps shortest
distances between adjacent curve segments close to a fixed, pre-defined patch spacing.
We solve the optimization via iterative Gauss-Newton until curve updates become
negligible; a result showing the paths before and after optimization is shown in Figure 7.
Implementation details of the optimization step, including precise problem formulation,

optimization procedure, and parameter setting, can be found in the appendix.

@»

Figure 7: Connected Fermat spirals before (left) and after (right) local optimization. Observe

g

/,:/i@&ﬁ

improved curve spacing and reduction of staircasing artifacts in the optimized spirals.
S Results

We show tool path generation results on shapes with varying degrees of concavity
and hollowness. Comparisons are made to conventional zigzag and contour-parallel fill

patterns in terms of path continuity, amount of sharp turns, print time, as well as visual
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quality of the interior fill and fabricated surface exterior.

3D printer and setting. Our experiments have been conducted on a RepRap Prusa
13 FDM 3D printer with firmware Marlin 1.1.0- RC. Printing results and analyses are
based on the default printer setting, with tool path width set at 0.4mm, layer thickness at
0.2mm, and maximal nozzle speed at 80 mm per second. G-code is used to transfer the

tool paths to the 3D printer.

Input #isegZ, | #segC | YestZ | YostC 90 stF
dancer 1 22 14 | 587% | 1.40% | 1.38%
dancer 2 19 10 | 6.58% | 1.55% | 1.08%
dancer 3 21 131 411% | 1.19% | 0.81%
crane 8 17 | 486% | 0.46% | 0.93%
butterfly 16 24 | 1.81% | 0.83% | 0.52%
hand 9 11 | 484% | 1.07% | 0.56%
gear 51 105 | 1.18% | 2.11% | 0.23%
paw 20 55| 1.25% | 0.51% | 0.31%
h-slicel 33 58 | 435% | 1.08% | 0.81%
h-slice2 47 56 | 5.12% | 0.88% | 0.70%

Table 1: Number of tool path segments (#seg) and percentage of sharp turn points (%st), which we
explain in the text, for conventional zigzag (Z), contour-parallel (C), and our CFS fills (F). The 10

shapes are from the last two rows of Figure 8.

Input #P | #R | CFSt(s) | OPt(s) | Total (s)
dancer 1 4 31 .25 1.676 1.926
dancer 2 6 27 0.297 1.59 1.887
dancer 3 4 33 0.203 7.085 7.288
crane 2 42 0.125 1.917 2.042
butterfly 4 51 0.359 4.479 4.838
hand 1 30 0.125 T20d 7.402
gear 19 | 143 0.766 8.978 9.744
paw 8 | 147 0.813 9.429 10.242
h-slice 1 22 | 148 0.834 7.092 7.926
h-slice 2 22 | 145 0.95 7.412 8.362

Table 2: Some statistics and running times for our CFS tool path generation algorithm. We report the
number of pockets (#P) and the number of rerouting points (#R) of the tool paths. For running
times, we report time needed for rerouting to generate the initial connected Fermat spirals (CFSt) and
time for curve optimization (OPt), as well as the total. All running times are in seconds.

Tool path generation. Figure 8 shows tool paths generated by our algorithm for a

variety of shapes with varying exterior and interior structures. Note that the two

honeycomb input shapes in Figure 8 and the one from Figure 1 are all 2D slices of the
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3D porous structures constructed by the work of Lu et al. [2014]. Each tool path is
continuous and composed of connected Fermat spirals. All results are produced with the
default parameter setting. There are no tunable parameters for initial CFS construction.
For curve optimization, the parameters are fixed as discussed in the Appendix.

Table 1 shows the percentage of sharp turns and the number of disconnected tool
path segments for three fill patterns: conventional zigzag, contour-parallel fills, and ours.
We do not report the latter number for CFS since it always produces a single path. All
the zigzag and contour-parallel paths shown and fabricated in our experiments were

generated with the Slic3r software [2016].

honeycomb slice 1 honeycomb slice 2
(h-slice 1) (h-slice 2)

Figure 8: A gallery of continuous CFS tool paths generated by our algorithm. Shown as insets, the
input shapes, both synthetic and from slices of fabricated 3D objects (see the honeycomb slices in last
row as well as in Figure 1), exhibit varying degrees of complexity in terms of convexity/concavity of
boundaries and hollowness. The top two rows show lower-resolution results for ease of visualization.
The bottom row shows higher-resolution results, which are closer to that of real fabrication and also

demonstrate robustness of our method.

To count the number of sharp turns along a tool path , we uniformly sample 50000
points along m and at each point, we estimate its integral curvature [Pottmann et al.
2009] with a circle of radius 0:2mm, which is appropriate for the size of fabricated layers

and the default fill with in our experiments. A point is deemed to represent a sharp turn
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if the smaller of its associated area coverage for curvature estimation is less than 30% of
the circle area. In Table 1, we report the percentages of points deemed as sharp turns. It
is quite evident that the number of sharp turns produced by CFS is much lower than that
of zigzags and it is more comparable to, but generally still lower than, that of contour-
parallel fills. On the other hand, the latter exhibits high contour plurality.

We report running times of our algorithm in Table 2 for a partial list of shapes in
Figure 8; other relevant statistics are provided as well. Currently, the spiral construction
and connection algorithm is implemented in C++ while the curve optimization phase is
implemented in MATLAB. All of the above times are measured on an Intel® Core™ i7-

6700 CPU 4.0GHz with 16GB RAM.

[[] under filling [] filling W overfilling

Figure 9: Estimated under- and over-fills visualized for a CFS tool path. Left: before path optimization.
Middle: path optimized with even spacing only. Right: optimization with smoothing and even spacing,
our default post-processing scheme, attenuates severe over-fills (dark blue spots in left), reduces total
over-fills in most cases, but may introduce more gaps, especially near sharp corners (the four corners
of the plate) due to curve smoothing.

Under- and over-fill. Under- and over-fills occur as a result of non-uniform spacing
between curve segments along a tool path. Since it is difficult to measure the extent of
these fill artifacts for real prints, we provide an estimate by thickening a computed tool
path at its expected fill width and measure the intersection and gap after the process.
Figure 9 visualizes the over- and under-fills for one CFS path before and after path
optimization. Figure 10 (top) compares the amount of under- and over-fills over several
shapes.

As one would expect, smoothing tends to increase gaps and underfills, especially

near sharp corners (e.g., four corners of the rectangular ‘G’ and many corners of the gear
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model). Overall, our curve optimization (smoothing plus spacing) tends to increase
under-fills and reduce over-fills; see Figure 10. As shown in Figure 9, the spacing term
is seen to effectively remove or at least, more evenly distribute, severe over-fills of an

un-optimized path.

0.075 Over-fill 0.015 Under-fill
0.02
0.015 .01
0.005 I
0 I 0 .I —
h-slice 1 h-slice2  gear h-slice 1 h-slice2 gear
W before M after W before M after
0.06 Overfill  o1s Under-fill
0.01
I 0.005
o I IR ol D
S h-slice 1 h-slice2  gear S h-slice 1  h-slice 2 gear
uZz mC CFS mZz mC CFS

Figure 10: Estimated over- and under-fill rate comparisons on the four shapes from Figure 11. Top:
Before and after curve optimization. Bottom: comparison between the three fill methods zigzag (Z),

contour-parallel (C), and CFS.

The inability of our current curve optimization scheme to fill all the gaps can be
attributed to limited curve movements. For example, curves cannot be elongated to
alleviate under-fills. Near sharp corners and turns, there is a trade-off between curve
fairness and gap size. Since the gaps are typically few and far in between, sacrificing
fairness at few places to fill the gaps, e.g., by elongating the curve locally, is possible;
we leave this for future work.

Visual quality. Figure 11 shows photos taken of four 2D layer shapes (the ’S’, gear,
and the two honeycomb slices from Figure 8) fabricated using the three fill patterns.
Figure 10 (bottom) plots the estimated under- and over-fills over the four shapes.

Visually, we observe that zigzag incurs little under-fill and can generally maintain
even material distribution along straight tool paths. However, fill quality degrades near
region boundaries, showing both roughness and “aliasing” artifacts. The latter shows up
near boundaries which are close to being parallel to, but are not parallel to, the scan
direction (see the ‘S’ example). Since the zigzag fill is not globally continuous, fill

artifacts also occur over areas where separate zigzag-filled segments join. In terms of
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estimated overfills, as shown in Figure 10 (bottom left), zigzag incurs a larger amount
than its counterparts since paths generated by Slic3r next to region boundaries have a
distance smaller than 1 2w to the boundaries, leading to excessive over-fills along these

paths.

Figure 11: Photographs of fabricated layers using three fill methods (bottom two rows). In each of
the four groups, the left result is from zigzag, the middle from contour-parallel, and the last from CFS.
Top row shows schematic displays of the zigzag and contour-parallel fill patterns; for zigzag, we color

the disconnected fill segments. The CFS fill patterns for the four shapes can be found in Figure 8.

For contour-parallel fills, visible artifacts (under- or over-fills) occur near the center
of pockets and between adjacent, but separately contoured regions. In contrast,
fabrication resulting from CFS appear to exhibit better overall quality with less visible
artifacts. However, CFS appears to lead to relatively large number of under-fills due to
curve smoothing; see Figure 10 (bottom right). Of course, one should bear in mind that
since 3D printing is a physical process, random device imprecisions which may cause
visible artifacts in the filled layers are possible.

Figure 12 examines the surface qualify of a 3D object fabricated using our FDM
printer, contrasting CFS fills to zigzag fills. The object is formed by a 50-fold vertical
extrusion of the gear layer from Figure 8; the final cylinder is 1cm tall. There are visible
gaps from a top view of the CFS fills, due to path smoothing as we discussed. On the

other hand, our tool path optimization effectively distributes the (relatively large) total
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amount of under-fills over a large number of spots so that most individual gaps are small
and can be filled by melting of the filament material. From the side views, CFS fills lead
to smoother boundaries, while surface roughness arising from zigzag fills is evident.
However, the latter is typically corrected by external contouring, but at the expense of

under-fills between the contoured exterior and boundaries of the interior zigzag fills.

Figure 12: Photographs of 3D fabrications using FDM. The object is an extruded cylinder from the
gear layer of Figure 8). A few views and closeups are shown to reveal surface quality. Top: using CFS

fills. Bottom: the same gear cylinder fabricated with zigzag.
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Figure 13: Real 3D printing times (in seconds) for fabricating several layer shapes, from the relatively
simple ‘S’ to the more complex honeycomb slices from Figure 8, using CFS (orange), contour parallel
(C: cyan), and zigzag (Z: purple) tool path fills.

Fabrication time. Figure 13 compares fabrication times recorded on the RepRap
Prusa 3D printer for the three fill methods. We observe that while the fabrication speed
for CFS tool paths is generally more favorable than their counterparts on an FDM printer,

the speed gains vary. For more complex layers, e.g., the honeycomb slices, the speed
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gains tend to be more significant.

Comparison to evolved labyrinths. In Figure 14, we compare our connected
Fermat spirals to a result from stochastic curve evolution by Pederson and Singh [2006].
The results become more visually comparable if the evolution is rewarded by better
alignment of the curves with the boundary of the input shape, as shown. However, the
curve evolution performs inward erosions and as such, it is unlikely to maintain a fair
and outline-conforming exterior path as our spiral approach. Moreover, the local

stochastic movements are likely to result in more sharp turns throughout.

Figure 14: Our CFS fill (left) vs. a result from stochastic curve evolution [Pedersen and Singh 2006],
which is copied from Figure 16 of the paper. It is important to note that the outer boundary (right) is
the input contour and not part of output of the curve evolution. The evolution results in the interior

curve structure.
6 Conclusion, limitation, and future work

We present a region fill algorithm using connected Fermat spirals, achieving global
continuity. Our algorithm extends the use of spirals as space-filling curves from regular
convex shapes to nonconvex shapes, even shapes with many interior holes. Our
contributions are two-fold. At a conceptual level, we introduce the use of Fermat spirals
to the construction of a new kind of space-filling patterns. The construction reflects
compelling properties of Fermat spirals. The use of Fermat spirals prevents the curve
from being locked in pockets. Furthermore, the freedom allowed in choosing start and
end points along the boundary of a Fermat spiral facilitates a scheme which
systematically joins a set of Fermat spirals. Practically, the new curves possess appealing
properties for tool path planning in the context of layered fabrication.

In retrospect, connected Fermat spirals are not necessarily suitable for all layer
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shapes. Compared to their counterparts, it appears that they excel at filling layers with
complex geometry, especially those with many holes, to achieve higher build quality both
inside and on the exterior. If one were to print a 3D object with honeycomb interiors [Lu
et al. 2014], a sensible plan would be to print the middle slices using our CFS fills while
topping off the print, where the layer shapes are likely to be convex or spirallable, with
zigzag or hybrid fills, possibly alternating between them.

As discussed previously, the connected Fermat spirals are not guaranteed to be truly
space-filling. They also lack the regularities and mathematical rigors possessed by Peano
or Hilbert curves; the definition of connected Fermat spirals is constructive and not
conceptual. Our current algorithm generally results in a smaller number of sharp turns
compared to zigzag. However, it makes no attempt to minimize them. The local curve
optimization scheme also leaves room for improvements. In particular, current curve
displacements cannot “slide” adjacent segments against each other or elongate the curve
to fill gaps. These operations are possible by adding attraction-repulsion forces as in the
curve evolution scheme of Pedersen and Singh [2006]; we leave this for future work.

The amount of gains afforded by our new tool paths for layered fabrication is
dictated by the mechanics of the motor controllers of the 3D printers. Contemporary,
low-end printers rely on simple motor controls, approximating a smooth curve by
piecewise linear segments. One may regard such a mechanism as catering to zigzagging
tool paths. This may also be accounted for as a limitation of our approach, as we seek
low-curvature but non-straight tool paths and do not take advantage of the control
mechanisms of these lowed printers. On the other hand, it is possible to incorporate more
sophisticated look-ahead and adaptive speed control algorithms to achieve higher motor
speed for low-curvature but non-straight tool paths [Wang and Cao 2012]. As well,
higher-end printers with more sophisticated controllers, like those of current Computer
Numerical Control (CNC) machines, can also achieve a higher motor speed for tool path
with smaller curvatures [Wang et al. 2010]. With such controllers, Fermat spirals would
incur a significant speed-up.

In the future, we would like to investigate the interplay between fill patterns of
consecutive layers. For better strength of FDM prints, consecutive layers should not be
fabricated with close-to-identical fill patterns. Our construction scheme may be slightly

perturbed so that the Fermat spiral fills of consecutive layers may interweave. Another
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inter-layer optimization to consider is with respect to the start and end points of each
layer, in term of increasing the coherence and avoiding redundant moves of the nozzle
from one layer to the next. Finally, it would be interesting to re-examine optimization
problems involving object orientation or decomposition while taking into account how

the resulting 2D slices are filled.
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DSCarver: Decompose-and-Spiral-Carve for
Subtractive Manufacturing

Abstract: We present an automatic algorithm for subtractive manufacturing of
freeform 3D objects using high-speed machining (HSM) via CNC. A CNC machine
operates a cylindrical cutter to carve off material from a 3D shape stock, following a
tool path, to “expose” the target object. Our method decomposes the input object’s
surface into a small number of patches each of which is fully accessible and machinable
by the CNC machine, in continuous fashion, under a fixed cutter-object setup
configuration. This is achieved by covering the input surface with a minimum number
of accessible regions and then extracting a set of machinable patches from each
accessible region. For each patch obtained, we compute a continuous, space-filling, and
iso-scallop tool path which conforms to the patch boundary, enabling efficient carving
with high-quality surface finishing. The tool path is generated in the form of connected
Fermat spirals, which have been generalized from a 2D fill pattern for layered
manufacturing to work for curved surfaces. Furthermore, we develop a novel method to
control the spacing of Fermat spirals based on directional surface curvature and adapt
the heat method to obtain iso-scallop carving. We demonstrate automatic generation of
accessible and machinable surface decompositions and iso-scallop Fermat spiral
carving paths for freeform 3D objects. Comparisons are made to tool paths generated

by commercial software in terms of real machining time and surface quality.

Keywords: Subtractive manufacturing, tool path planning, CNC, surface

decomposition, set cover, Fermat spirals

1. Introduction

With the increasing popularity of additive manufacturing and 3D printing in
computer graphics, one should not overlook the fact that subtractive processes remain
the core and dominant technology in manufacturing todayl. Compared to additive
manufacturing in most cases, subtractive manufacturing is faster and more cost-
effective for the same level of product precision, accommodates a vastly wider range of

materials, and is capable of superior surface finishes. Moreover, while a 3D printer
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builds a 3D shape one 2D layer at a time, subtractive manufacturing of 3D objects is
intrinsically a three-dimensional problem, involving direct manipulation of 3D objects
and operation over curved surfaces. The ensuing geometry processing appears to
possess more compelling twists and technical challenges than those arising from

additive fabrication.

Fig. 1. A freeform 3D object, the kitten, automatically decomposed into five machinable patches,

each carved using a CNC machine following a continuous iso-scallop Fermat spiral path. The fully
machined object is shown on the left. We deliberately lowered the path resolution to ease path

visualization.

Subtractive manufacturing is primarily realized by computer numerical control
(CNC) machining tools. A CNC machine operates a cylindrical cutter to carve off
material from a shape stock in 3D space to “expose” the target 3D object; see Figure 3.
The cutter head traces out a space curve, called a tool path, which must completely fill
the object surface. Desirable properties of tool paths for efficient CNC machining, in
particular high-speed machining (HSM), include fairness (i.e., low-curvature) and
continuity (i.e., less on/off switching or tool retractions), similar to additive
manufacturing, but all considerations must be shifted from 2D regions to curved
surfaces. One added twist for subtractive manufacturing is accessibility: in general, the
CNC cutter may not be able to access all regions of the object no matter how it is
oriented. Another new issue is controlling the amount of residual material, called scallop,
after carving to ensure a quality surface finishing; see Figure 3. The typical goal for
scallop optimization is to maximize uniformity of the scallops while minimizing their
height without over-carving the surface.

Existing methods for CNC tool path planning from the computer aided design
(CAD) and manufacturing (CAM) domains are primarily designed to machine relatively
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simple geometric primitives, e.g., planar and quadric surfaces, swept volumes, and CAD
models composed of planes and other parameterizable patches. Conventional tool path
patterns such as zigzags work quite effectively for such surfaces with simple boundaries
and interior geometries. In terms of setup planning, where a machinist decides how to
orient and stabilize the shape stock with fixtures for carving, it is highly critical to
minimize the number of setups, i.e., to avoid re-fixturing and re-orientation of the object
or the CNC machine cutters. In practice, setup planning is predominantly a manual

process, where machinists rely heavily on their domain knowledge and experience.

(a) (b)
Fig. 2. Overview of DSCarver, our decompose-and-carve algorithm for 3+2-axis CNC machining
of freeform 3D objects. (a) Input 3D shape with pre-segmentation into few height fields. (b)
Decomposition into accessible regions (left: with overlaps; right: after boundary extraction). (c)
Integration of accessibility decomposition (b) and height fields (a) into machinable patches. (d)

Connected iso-scallop Fermat spiral paths computed for a few patches.

Fig. 3. 3-axis pocket milling (left) with a square cutter vs. 3+2-axis machining (cutter on top) with
a ball cutter. Scallop (red) is the material residual left between adjacent ball cutter (green) paths.

In this paper, we are interested in efficient subtractive manufacturing of 3D objects
formed by freeform or sculpted surfaces [Lasemi et al. 2010], such as the example
shown in Figure 1. In general, a 3D object cannot be fully machined under a single setup.
Thus during the setup planning phase, there is an inherent surface decomposition
problem which seeks to segment the object’s surface into a minimum number of patches

each of which can be fully machined under one setup. For a freeform object with
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moderate complexity, regardless of how it is decomposed, the machinable patches are
likely to exhibit irregular interior undulations and wavy boundaries, which would pose
various challenges to tool path planning, especially when taking scallop optimization
into account.

Our goal is automatic optimization of setup and tool path planning for finish-stage
machining of free-form 3D objects using 3+2 machines, where at this finishing stage of
the carving process, the current object is already geometrically close to the final product.
In the CAD/CAM industries, freeform surfaces are typically carved by 5-axis
machining and 3+2 machining represents a special but dominant configuration for 5-
axis CNC machines. Specifically, the cutter of a 3+2 machine has a fixed orientation
during carving, but can move with three degrees of freedom. The cutter orientation can
be adjusted with two degrees of freedom for the next carving?2.

Given an input 3D object represented by a closed two-manifold surface, we
develop an algorithm to tackle two key technical problems in setup and tool path
planning:

(1) Surface decomposition. During setup, the core problem is to minimize the
number of object or cutter setups (i.e., re-fixturing or re-orientation of the CNC
cutter) to ensure accessibility of the entire input surface by the CNC cutter. To this
end, we cover the input surface with a minimum number of accessible regions by
posing and solving a set-cover problem; see Figure 2(b). Then from each accessible
region, we extract a set of patches each of which can be fully machined by 3+2
machining, in a single fixed cutter-object setup. We obtain these patches by
integrating the accessible regions with a pre-segmentation of the input surface into
a small set of height fields; see Figure 2(a). Together, these patches, which we refer
to as machinable patches, form a decomposition of the input surface; see Figure 2(c).

(2) Tool path planning. In the carving phase, for each machinable patch obtained
from the decomposition step, we compute a continuous, space-filling, and iso-
scallop tool path which conforms to the patch boundary, where iso-scallop paths seek
to maximize uniformity of the scallop height over the patch. To this end, we advocate
the use of connected Fermat spirals [Zhao et al. 2016] as the preferred tool path
pattern. This is justified by the observation that Fermat spirals tend to outperform

zigzag, the dominant tool path patterns for CNC machining, as the patch boundary

150



h 28 K 2218 4 22 7 X

and interior geometry become more complex.

To compute iso-scallop Fermat spirals, we first generalize the original Fermat
spirals designed for layered manufacturing to work for curved surfaces. Then we
develop a novel method to control the spacing of Fermat spirals based on directional
surface curvature and adapt the heat method [Crane et al. 2013a] to obtain iso-scallop
carving; see Figure 2(d).

We call our setup and tool path planning algorithm decompose-and-spiral-carve,
or DSCarver, for short. We demonstrate automatic generation of accessible and
machinable surface decompositions and iso-scallop Fermat spiral carving paths for 3+2
machining of freeform 3D objects. Comparisons are made to conventional tool paths
generated by high-end CAD/CAM systems, both over real CNC machining time and

surface quality.
2 BACKGROUND AND RELATED WORK

The core geometry problems for both additive and subtractive manufacturing can be
classified into setup and tool path planning. In the setup stage for 3D printing, a 3D
object may be hollowed [Lu et al. 2014], decomposed [Hu et al. 2014; Luo et al. 2012],
or reconfigured in other ways [Bermano et al. 2017; Chen et al. 2015; Prévost et al.
2013; Stava et al. 2012] to improve print quality and/or save material consumption.
Frequently adopted and commercially available tool path patterns for 3D printing
include zigzag [Ding et al. 2014] and contour parallel paths [ Yang et al. 2002]. Zhao et
al. [2016] introduce connected Fermat spirals as an alternative and demonstrate their
advantages over conventional tool paths for layered manufacturing.

CNC machining basics. CNC machining operates a cylindrical cutter with a
prescribed length and size (measured on the cutter’s horizontal profile) and goes around
in 3D space with its head spinning at high speed to carve off material from a shape stock.
During rough-stage machining, larger chunks of material are carved off along the path
by a thicker cutter often with a flat end. In the surface finishing stage, a rounded or ball
end cutter is often employed. The fine lines of residuals left between adjacent tool paths
after surface finishing are referred to as scallop; see Figure 3. The height and width of
the scallop should be properly controlled and they depend on path spacing, cutter
orientation, and surface curvature. For example, over convex regions (compared to

concave regions and assuming that the angle between the cutter orientations stay fixed),
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path spacing needs to be denser to reduce scallop height.

Full 5-axis vs. 3+2 machining. 3-axis machining or pocket milling is similar to
layered manufacturing as it also traverses a 2D domain, but removes instead of injects
material. Curved freeform or sculpted surfaces [Lasemi et al. 2010] are typically carved
by full 5-axis or 3+2 machining. The cutter of a full 5-axis machine can move with five
degrees of freedom. In contrast, the cutter of a 3+2 machine has a fixed orientation and
moves in X,y, z directions only. In both cases, the cutters typically only point downward
at an oblique angle, not upward. As well, it is desirable that the cutter orientation does
not deviate from the surface normal too much to bound the scallop height [Farouki 2016;
Farouki and Li 2013; Zhao et al. 2013].

In our current work, we choose 3+2 machining over full 5-axis CNCs due to several
factors. 3+2 machining represents the dominant 5-axis CNC technology in the industry
and 3+2 machines are a lot more accessible and easier to work with compared to full 5-
axis machines. Conventional tool paths such as zigzag work much more naturally with
3+2 machining. Given the same surface patch to carve, 3+2 machining almost always
beats full 5-axis CNC in speed and accuracy. Overall, improving the state of the art in

3+2 machining offers more value to the domain of subtractive manufacturing.

Zigzag Contour parallel Spiral
Fig. 4. Frequently applied CNC tool path patterns.

Setup planning for CNC machining. Generally, setup planning involves the
preparation of instructions for setting up parts for CNC machining [Hazarika et al. 2015;
Xu et al. 2007]. The key issue is how to orient the parts, perhaps in multiple
configurations, to attain a high level of efficiency and surface quality. Setup planning
methods from the CAD and manufacturing literature have mainly focused on CAD
models, where it is widely assumed that the input consists of feature-based designs or
outputs from a feature recognition system [Xu et al. 2007]. Typically, the machined

parts are assumed to be composed of prismatic or rotational primitives [Amaitik and

152



h 28 K 2218 4 22 7 X

Kili¢ 2007], or geometric features that possess certain manufacturing or functional
significance [Tseng and Joshi 1998], e.g., k-sided pockets, through semi-blind, or
compound slots, etc.

Tool paths for CNC machining. Existing methods for carving curved surfaces can
be roughly classified into parameterization based and drive surface methods [Choi and
Jerrard 1998]. By parameterizing a curved patch onto the plane, a tool path can be
planned on the plane and then mapped back to the surface patch, e.g., [Ren et al. 2009].
Methods based on drive surfaces intersect the input surface patch with a set of planes to
obtain the tool paths. The most frequently adopted drive surfaces are equidistant parallel
planes, resulting in iso-planar tool paths. The orientations of the drive planes can be
optimized, resembling the slicing problem for additive manufacturing [Hildebrand et al.
2013]. Iso-planar curves resulting from plane-surface interactions can be turned into
zigzag [Misra et al. 2005], contour-parallel offset, or spiral patterns [Hauth and Linsen
2012; Held and Spielberger 2014; Zhou et al. 2016]; see Figure 4.

Desirable properties of CNC tool paths include fairness, continuity, and good
spacing for quality scallop and surface finishing. Improper spacing between adjacent,
parallel tool paths can lead to over- or under-fill for layered manufacturing. For CNC
machining, under-fill translates to uncut strips over the surface, which is caused by
widely spaced tool paths. Such artifacts on machined surfaces are more problematic
than inefficiencies caused by paths spaced too closely. The latter, an “over-fill” in the
context of CNC machining, leads to overlapping between cutter trajectories over the
surface and thus inefficiency; it may also over-cut the desired parts.

For high-speed machining, path continuity and fairness are even more critical than
in the case of layered manufacturing since for CNC cutters operating at high speed,
cutter lifting, retraction, and deacceleration, as the results of path discontinuities and
sharp turns, are especially counter-productive [Park et al. 2003; Zhou et al. 2016].
Therefore, continuous tool paths based on Fermat or double spirals are preferred [Hauth
and Linsen 2012; Wang et al. 2015; Zhao et al. 2016; Zhou et al. 2016]. In the CAD and
manufacturing domains, many methods have been presented for iso-scallop tool path
planning, e.g., [Agrawal et al. 2006; Can and Uniivar 2010; Zoua et al. 2014]. However,
most of these methods were designed to work with zigzag tool paths and our work is

the first attempt at generating iso-scallop Fermat spiral paths for curved surfaces.
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Surface decomposition. There have been many works in computer graphics on
shape decomposition [Shamir 2008]. The central criterion for our decomposition
analysis is accessibility. The fairness criterion for region boundaries is sought since
conventional tool paths typically conform to the boundaries [Hauth and Linsen 2012;
Lasemi et al. 2010; Zhou et al. 2016]. Existing works from the subtractive
manufacturing domain, e.g., [Hauth and Linsen 2012; Held and Spielberger 2014; Zhao
et al. 2016], mainly considered the problem of decomposing a planar region into simple
geometric segments for efficient pocket machining. Such simple segments often admit
continuous and fairer tool paths, e.g., using Fermat spirals, and the per-segment tool
paths can be linked to attain global continuity [Zhou et al. 2016]. Our work follows a
similar approach but must deal with free-form surfaces and accessible regions with
complex boundaries and interior undulation.

With its connection to the set cover problem, it is known that generally, finding the
minimum number of orientations to ensure full accessibility, i.e., the accessibility-based
decomposition problem, is NP-hard [Frank et al. 2006; Gupta et al. 1996]. Early work
by Gupta et al. [1996] takes a greedy approach which iteratively identifies accessible
regions of maximal surface areas. Frank et al. [2006] analyze accessibility in one planar
slice and solve a set cover problem. Various solution mechanisms including decision
trees [Keeney and Raiffa 1993], swarm intelligence [Guo et al. 2009], and genetic
algorithms [Bo et al. 2006] have been proposed to solve the difficult optimization
problem. Also related is the problem of decomposing a surface into a set of approximate
height fields [Herholz et al. 2015], which we adopt for pre-segmentation of the input

surface.
3 OVERVIEW

The input to our algorithm is a freeform 3D object represented as a 2-manifold
triangle mesh. During preprocessing, the input mesh surface is first segmented into a
small number of height fields. We compute height fields since each such surface region
can be fully machined by a 3+2 machine with a fixed cutter orientation and fixed cutter-
object setup. Then we cover the input surface by a minimum number of accessible
regions and integrate the resulting regions with the pre-segmentation to obtain a small
number of machinable surface patches, which form a decomposition of the input surface.

Tool path planning is carried out for each patch to obtain a continuous space-filling
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curve attaining maximal scallop uniformity. Figure 2 illustrates the algorithm pipeline.

Surface decomposition. Our accessibility analysis involves finding a minimum
number of object setups to ensure accessibility of the entire input surface by the CNC
cutter. Each object orientation induces an accessible region, which is the set of all points
on the input surface that are accessible by the cutter in some valid orientation. When
machining the same accessible region, the fixture setup for the CNC machine remains
unchanged. Switching from one accessible region to another, the fixtures need to be
adjusted to re-stabilize the shape stock, which is a delicate and time-consuming
endeavor.

We proceed by sampling a set of object orientations, so that the union of their
induced accessible regions completely covers the input surface. With this cover as input,
we find the minimum number of orientations by solving a set-cover problem [Cormen
et al. 2001]. Typically, the optimal solution incurs significant overlaps between the
accessible regions. We resolve these overlaps and arrive at a surface decomposition by
integrating the accessible regions with the pre-segmented height fields. This is followed
by boundary optimization to obtain the set of machinable patches.

Tool path planning. Given a machinable patch, we produce a single continuous
space-filling curve for that patch using connected Fermat spirals [Zhao et al. 2016]. The
main innovation is to ensure that the patch finishing using the spiral carving path is
optimized for scallop quality, i.e., to compute an iso-scallop Fermat spiral. To this end,
we adjust the path spacing based on directional curvature over the input surface path, to
optimize uniformity of the resulting scallops. We show that an nonhomogeneous version
of the heat method [Crane et al. 2013a] for geodesic computations can be adapted to
compute iso-scallop level-set contours over the surface patch, from which we can
extract the connected Fermat spiral paths. Each machinable patch is machined
separately following the iso-scallop Fermat spiral paths under a fixed 3+2 machining

setup.
4 SURFACE DECOMPOSITION

In this section, we detail the surface decomposition step. It produces a small set of
connected and machinable surface patches, each of which is fully accessible by the CNC
cutter with respect to one of few machining setups. The patches possess fair or low-

curvature boundaries to facilitate efficient tool path planning therein.
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Height field decomposition. During preprocessing, we decompose the input object’s
surface into a small number of height fields by implementing a scheme that is very
similar to [Herholz et al. 2015]. Our height field decomposition problem is almost
exactly the same as the one addressed by the said approach except for two minor
differences. First, we do not deform the input surface to lower the number of height
fields produced. Second, the height fields in their work were defined using ideal
lines/rays with infinitesimal thickness. In our implementation, we replace the rays with
cylinders with nonnegligible radius which reflect the physical girth of the CNC cutter,

assuming that the cutter is sufficient long during carving.

Fig. 5. Accessibility cones on the kitten model. For the object orientation shown, p, has a full
accessibility cone; p, cone is split into two sub-cones due to cutter collision with the kitten’s tail.

p, is inaccessible.

Accessibility cones. In CNC machining, there is typically a bound on the angle ¢
between cutter orientation and surface normal at a point on the object surface. This
bound defines an accessibility cone around each surface normal. If the surface is
oriented in such a way that the cutter can orient itself to fall inside the accessibility cone
at a point p € S, then p is accessible with respect to that surface orientation. In our
work, we liberally set the angle at ¢ = m/2 but account for the cutter’s physical girth
and possible global collision with parts of the 3D object. Such a collision leads to a
splitting of the full cone into sub-cones conservatively to ensure full accessibility of the
sub-cones; see point p, in Figure 5.

Point accessibility. Most 5-axis CNC machines can only point the cutter downward
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inside an oblique angle between 0° and 90° [Apro 2008]. For the orientation of the
kitten model shown in Figure 5, point p, is accessible from any direction in its
accessibility cone, p; is inaccessible since its cone is entirely pointing downward, and

p, is partially accessible due to potential cutter collision.

(b) (c)

Fig. 6. Cell accessibility and illustrations on the Gaussian sphere. (a) Intrinsic Voronoi cells over
object surface. (b) Corresponding regions on the Gaussian sphere representing object orientations
which would allow the blue and red cells (a) to be accessible. (c¢) Color coding of the number of

accessible Voronoi cells for each object orientation (red = higher count).

Fig. 7. Three different MINORI solutions computed by SCP,

with the same object orientations count (three).
Cell accessibility. We start by uniformly sampling N points over the input surface
mesh and computing an intrinsic Voronoi tessellation with the sample points as sites.

For each Voronoi cell ¢;,1 <i < N, based on point accessibility and accessibility
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cones, we estimate a set Ri of object orientations each of which would allow all points
in ci to be accessible by the CNC cutter. Mapping R; onto the Gaussian sphere defines
a region R; on the sphere; see Figure 6. The color coding indicates the number of
accessible Voronoi cells for a number of orientation candidates. Red colors are
associated with orientations for which many cells are accessible. The set of candidate
object orientations can be sampled uniformly or randomly.

Accessibility cover. We compute the accessible regions by formulating the problem
as an instance of the set-cover problem (SCP). Then we resolve overlapping between
the obtained covers to arrive at a surface decomposition. Given a set U = {1,2,---n},
called the universe, and a collection S of subsets of the universe whose union equals
the universe, the set cover problem is to identify the smallest sub-collection (one with
the fewest subsets) of S whose union equals to U. SCP is one of most classic NP-hard
problems in combinatorics and computer science [Cormen et al. 2001].

For our accessibility region problem, we consider all the Voronoi cells ¢;, 1 <i <
N as the elements of the universe U, and for each sampled orientation P, all of its
accessible cells consist of a subset S of universe U. Then given all sampled orientation
Pi and their corresponding subsets S;, 1 < i < M, using SCP we could get a minimal
number of orientations P;, 1 < i < k, the union of their corresponding subsets S§;, 1 <
i <k kequalsto U. We call such a set of minimal number of orientations MINORI.

To solve the MINORI problem, which is an instance of the overlapping SCP, we
resort to the greedy scheme from Chvatal [1979]. For a typical freeform 3D object with
the prescribed set of sampled orientations, our MINORI solution often include only a
handful of orientations. Moreover, solutions with the same orientation count are often
not unique. Figure 7 shows three possible MINORI solutions for the kitten model. After
overlap resolution, the MINIORI solution that leads to the smallest number of
machinable patches is selected for tool path planning, after boundary refinement.

Overlap resolution. A MINORI solution typically contains many cells that are
accessible from more than one object orientation. Thus, the accessible regions in a
MINORI are expected to overlap significantly; see Figure 7. On the other hand, the
number of accessible regions in a MINORI gives us the minimum number of object
orientations, or fixture setups, for CNC machining. By definition, an accessible region

thus obtained can be fully accessed by the CNC, assuming that the CNC cutter can be
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oriented differently. However, when machining a surface piece, the cutter orientation is
fixed in a 3+2-axis setup. For the piece to be fully machinable with that fixed orientation,
the piece must be a height field. Hence, to resolve the overlap and obtain a surface
decomposition into 3+2-axis machinable patches, we must integrate the accessible

regions from a MINORI with the height fields computed from pre-segmentation.

Ry

R,

Fig. 8. Orientation label assignment and propagation. (a) Height field H1 is assigned region R1’s
label since it covers some non-overlapping parts (red) of R1 and of R1 only. H3 is not assigned
any label since it covers non-overlapping parts from both R1 and R2. (b) H1 propagates its label
to H2 since H2 is entirely covered by an overlap (yellow) involving R1. (c) Unassigned height fields
H3 and H4 may be split by graph cut.

Integrating accessible regions and height fields. The integration step produces a
surface decomposition for a given MINORI solution by assigning object orientation
labels associated with the MINORI to height fields from the pre-segmentation. The label
assignment starts away from the overlaps between active regions and progresses
towards the overlaps via label propagation. Specifically, we first identify any height
field that contains surface points which belong to some non-overlapping part of one and
only one accessible region; we assign the orientation label associated with this
accessible region to the height field; see Figure 8(a). Then we propagate, recursively,
orientation labels from assigned height fields to adjacent unassigned ones only when
they are entirely covered by an overlap between appropriate accessible regions. For
example, height field H1, with label from accessible regionR1, propagates its label to
H2 only when H2 is entirely covered by an overlap involving R1; see Figure 8(b). After
the propagation, any remaining unassigned height field may be split by the boundary

extraction process we outline next.
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The integration step keeps the number of accessible regions or fixture setups fixed,
but can split a height field. The above assignment procedure aims to keep such splits to
a minimum since the final number of height field pieces (i.e., the machinable patches
for tool path planning) corresponds to how many times the 3+2-axis CNC machine
needs to be re-oriented.

Boundary extraction and refinement. The orientation label assignments to the
height fields already provide a partial set of patch boundaries. To “close the loop” and
complete the remaining boundaries, we apply graph cut [Boykov et al. 2001] to split
regions corresponding to unassigned height fields along low curvature paths. The graph
cut is formulated as an energy minimization defined over the cells ¢;,1 < i < m inthe
region of interests. Specifically, we seek a cell assignment r that minimizes the

following energy function:

m
E@ =) Do) +a ) s(redr(p))
i=1 ()]

where D is the unary data term, S is the pairwise smoothness term, and «
provides a trade-off (we set @« = 100 in our experiments). The data term D estimates
the likelihood of ¢; to belong an orientation r(c;) by measuring its distance to a cell
with a definite orientation. The smoothness term S measures the curvature of the object
surface along the border between ¢; and ¢; and penalizes high-curvature edges.
Finally, the combined patch boundaries are smoothed by geometric snakes [Lee and Lee
2002].

Final selection of surface decomposition. As described above, each MINORI
solution would lead to a surface decomposition into machinable patches. We select one
result which contains the least number of patches, and if there are ties, boundary quality

is the tie breaker. Tool paths are computed for the final set of machinable patches.
5 TOOL PATH PLANNING

Once the surface is decomposed into a collection of surface patches, a tool path plan
is designed for each patch. This tool path planning is not as simple as generating an
equally-spaced filling curve, and commonly it is designed by skillful professionals in an
ad hoc manner. For carving the surface, one needs to plan the path of a ball-end cutter,
which has some physical prescribed radius, and hence implies two key requirements:

* Consideration of scallop. The problem is that equally-spaced curves may not
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necessarily lead to a uniform scallop distribution. To obtain uniform scallop on a
surface, the gap between two neighboring paths needs to be adaptive to the
directional curvatures of the points along two nearby paths. This requirement is the
most distinct feature of this tool path planning problem.

* Smoothness. Generally speaking, a smooth tool path is preferred in practice due to
the upper limit of velocity and the acceleration of the cutter. A zigzag path not only

slows down the cutter, but also tends to cause damage to the cutter.

Fig. 9. Replacing zigzag re-routing connections (see top-left inset, which is taken from Figure 5(c)
of [Zhao et al. 2016]) with “oblique” lines that conform better to tangential directions of the

iso-contours, as shown in the top-right inset. This can effectively reduce the number of sharp turns
in the final tool paths (after tool path optimization); see the before (left) and after (right) pictures
of the bunny patch and focus on the lower left region.

Based on these two requirements, we design a three-step algorithm for generating
the final tool path: (1) compute a shape aware scalar field whose isolines meet the gap
requirement, (2) connect the isolines into a continuous tool path using the Fermat spiral
generation technique, and (3) smooth the tool path while keeping the gap varying as
small as possible. In the following, we shall elaborate the details of Step 1 and Step 3.
For details on Step 2, we refer the reader to the recent work by Zhao et al. [2016], in
particular, Figures 4 and 5 in that paper. In this work, we apply a simple trick to alter the
way the iso-contours are re-routed to obtain the Fermat spirals, effectively reducing the
number of sharp turns in the tool paths (as shown in Figure 9) and improving machining
speed. Specifically, instead of making zigzag connections which would result in many

right-angle turns, we replace them with short “oblique” curves which conform better to
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the tangential directions of the iso-contour at the re-routing points; see insets in Figure 9

for an illustration.

Fig. 10. The iterations of tool paths optimization: the black curves are the tool paths generated
from the isolines of the surface geodesic distance field. The short red lines represent the desired
gaps computed at the points sampled along the tool paths according to Eq. 1. From left to right,
two time steps are depicted, showing that the gaps between two adjacent tool paths are quickly

optimized to be consistent with the desired gaps and stable.
5.1 Shape-aware tool path generation
As mentioned above, the tool path design is constrained by geometry variations of
the points along the path. More precisely, the scallop h is deemed to have close
relationship with the directional curvature [Kim et al. 2006]. Let p be a point on a
surface S and path Il that goes through p. Following [Kim et al. 2006], the
dependency between the scallop h and the gap g(p,Il) between adjacent sections of

the path is empirically formulated as

_ 8hRcutter
glp, 1) = ’—1+Rcutter6(p,n)'Rcutter > h, (1)

where G(p,I1) is the curvature of p at the direction perpendicular to the forward
direction of tool path Il at point p. It is difficult to generate the tool path directly from
this formula because one cannot determine the gaps before the continuation of the
generated path is defined.

Our key idea when computing the tool path is to obtain a shape aware metric tensor

field g on the surface from the directional curvature tensor field G, and use its isolines
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as the tool paths with the required uniform scallop. Once the metric field is defined, the
boundary 0S is set to be the zero-level isoline, and then the other isolines are iteratively
defined, with respect to g, by increasing the geodesic distance to the boundary dG by I
during each step. We recall that a fast-marching method can be used for this purpose.
After the isoline L; has been extracted, it can be used to generate L;,; by considering
the projected metric tensor g|L; at L;. Note that g|L; should be orthogonal to L;.
However, directly setting it is not easy since L;,; has to be used to estimate g|L; but
L;y1 is still undetermined before g|L; is known. Alternatively, we solve this problem

by the following iterative optimization approach.

:

@
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Fig. 11. Scallop (shown in red color on the machined surface) with uniform gap of tool paths (a)

and with adaptive gap of tool paths (b).

As the output of the above PDE, the isolines of the resulting geodesic distance field

is helpful in setting the desired tool paths. Moreover, we use the gap 1 defined in Eq. 1
at each point of the surface as a modifier to adjust the distance value in the field. This
makes the gap between two adjacent paths vary from the directional curvature of the path
points. The gradient direction at each point of the distance field is used to compute
directional curvature. Recall that the heat method [Crane et al. 2013b] uses a PDE to
solve the geodesic problem on a mesh surface S, and the heat, after diffusion for a short
period ¢, provides a good approximation to the gradients of the real geodesic distance

field. Inspired by the approximation power of the heat-based method, we apply a similar
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approach to the PDE:
(A—tL.®H)p =35,

where A is the diagonal matrix given by the triangle areas, A1L,. defines the
Laplacian matrix, the Dirac function 8, provides an initial heat distribution rooted at
the boundary, and the symmetric matrix H associates each mesh edge with the average
of the gaps at the two end points of the edge. Note that H is absorbed into this PDE by
an element-wise product.

To make the gap between isolines of the geodesic distances more consistent with the
metric tensor g, we iteratively update the direction-related gap matrix H based on the
values obtained in the previous iteration. As shown in Figure 10, our experiments
confirm that the iteration converges extremely fast and in practice, only 2~3 iterations
are sufficient to obtain a scalar field whose isolines meet the direction-related gap
requirements. Figure 11 shows the resulting scallop reduction by adaptive gaps between
two adjacent tool paths.

Note that while our tool path generation problem is directly related to geodesic
distances, it is a bit different from a general distance field problem. We have to iteratively
solve the problem, i.e., to update the existing distance field by considering the gap
requirements of its iso-contours. However, during each iteration, we can use either the
heat equation or other, possible better alternatives, such as Short-Term Vector Dijkstra
(STVD) of Campen et al. [2013].

5.2 Tool path refinement

The initial tool path must be refined by considering two important spacing
constraints: (i) the widest space at p, between adjacent sections of the path II, cannot
exceed the gap constraint g(p,IT) (written as g for simplicity), or equivalently, the
largest empty circle has a radius not larger than g/2, and (ii) the narrowest space at p
is as close as possible to II. Let {xl-}i-‘=1 be the point sequence that represents the tool
path. The idea is to evolve the initial tool path by optimizing the following objective

function:

dxi

dt = 7\1 X TSmooth + }\2 X TAttraction + 7\3 X TRepulsiona

where Tsmooths Tattractions Trepuision characterize the smoothness requirement,

the attraction of x; to the centers of nearby large empty circles, and the repulsion
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between x; and its nearby points on the path, respectively. Figure 12 shows a sequence
of intermediate results (note that the time t can be understood as the number of iterations).
On the right, plot shows the widest/narrowest spaces as function of time. We use a
conventional Laplacian smoothing technique to express the smoothness requirement.
For the attraction term, we first find a collection of empty circles such that (i) each
circle has a radius larger than g/2 and (ii) any two circle centers have a distance of at

least II. We call such points {q; lel anchors; See the red points in Figure 12. The term

Tattraction attracts the path to the nearby anchors, where each anchor has an influence

geodesic disk with a radius of 3g/2. The repulsion term is applied to xi if there are other

k2

points {x;}; =1 along the path for which the geodesic in between, i.e. ||d; j|[g, 1s less

than g.

= Largest empty circle radius
= Least in-between space

= == == = 20 40 60 § 100
(a) Initial (b) #20 (c) #40 (d) #60 (e) #80 () #100 (g) Spacing plot

Fig. 12. Tool path optimization. Guided by the smoothness/spacing constraints, the initial tool path
is evolved into a smooth pseudo-geodesic spiral with at most (g/2 + € ) wide space on both sides
after 100 iterations, where g/2 is the sweeping radius of the cutter. That is to say, when the program
terminates, the largest empty circle has a radius that is very close to g/2 (the red points are the
centers of the typical empty circles). The plot (g) shows the change of the largest empty circle radius
and the least in-between space of the tool path. In other words, the cutter is able to cover the entire
surface if following the optimized tool path. (Note that g varies on the surface in practice due to
shape variation. We normalize g for the visualization purpose in the plot (g).

The above optimization is applied on a finite set of points sampled over the surface.
In our current experiments for CNC machining, the size of the real models is about
50 X 60 X 70mm?3. For such models, we found that a sampling of 80K points is
sufficient. Hence, we precompute 80K blue noise points on the surface to serve as the
anchor point candidates. For larger models, we can adaptively adjust the number of
sample points according to the model size, treating it as a scaling issue.

During each iteration, for each candidate point q;, we compute the largest empty
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circle centered at q; and keep its radius 7j, for q;,. The candidate points are then
selected to form an anchor set in a decreasing order of the radius to define a largest empty
circle. Two criteria for candidate selection include (i) the radius 7; is larger than g/2,
and (ii) the newly added anchor point have a distance, of at least g, to the selected anchor

points.
6 RESULTS AND EVALUATION

In this section, we show surface decomposition and tool path generation results for
freeform 3D shapes with varying degrees of geometric complexity. Comparisons to
conventional tool paths, i.e., zigzag and contour-parallel, for CNC machining are
provided to evaluate our iso-scallop space filling curves using Fermat spirals. We also
report real machining times and show fully machined 3D objects using a 3+2 machine

with machining setups and tool paths planned by our fully automatic method.

Fig. 13. A gallery of surface decomposition results for 3+2-axis machining. For each model in each
row, the first two images show the accessible regions obtained after overlap resolution in two

different views; the next two images show the final machinable patches obtained in two views.
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Implementation and parameters. Our surface decomposition and tool path
generation methods have both been implemented in C++. We set the cutter diameter at
4.0mm during height field decomposition and for defining the accessibility cones. We
produce physical machining of full 3D objects with high-quality surface finishing, setting
the scallop height at 0.02mm. To make the carving paths more visible for visualization
purposes only, we relax the scallop height to 0.045mm when machining some surface
patches. All the results shown in this section were obtained with the same parameter
setting: four iterations of the heat method and 40 iterations of tool path generation

optimization.

Fig. 14. Photographs capturing a couple of fixture configurations applied to stabilize the 3D objects
during CNC machining.

Decomposition. Figure 13 shows results of our accessible surface decompositions
as well as the final machinable patches obtained after integrating the accessible regions
with the pre-segmentation into height fields suitable for 3+2 machining. Table 1 shows
some statistics related to the surface decomposition step, including running times of the
sub-steps. Running times were measured on an Intel® CoreTM 17-7700 CPU 4.2GHz
with 16GB RAM. For geometrically complex models such as the fertility which also has
a non-zero genus, our algorithm is able to obtain a small number of accessible regions
and for each region, a small number of patches that can be machined by a 3+2 machine
without changing the fixture. Figure 14 provides two photographs demonstrating the

fixtures applied to stabilize the shape blocks for real machining.
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Tool path generation. Figures 1 and 15 show continuous iso-scallop Fermat spiral
paths generated by our algorithm for several curved surface patches obtained from the
decomposition step. The patches exhibit varying geometric characteristics in their
boundaries and interiors to demonstrate the generality of our tool path planning method.
To make the carving paths more visible, we deliberately chose a low-resolution setting.
Scallop heights for some of the patches in Figure 15 can be visualized in Figure 16, left
column, and compared to zigzag (middle) and contour-parallel (right). Real machining
results can be found in Figure 17. Average running times for computing the spiral tool
paths for each patch are reported in the last column of Table 1. As we can see, our tool

path planning scheme is quite efficient.

3D Model || #A | #P | ta(s) | tp(s) | Tp(s)

RABBIT 2 4| 142 | 17.5 5.6
SQUIRREL 2 > | 17o| 210 5.7
BUNNY 2 5| 183 | 211 4.3
KITTEN 2 5| 242 | 284 6.2
MAXPLANCK 2 4 | 27.1.| 30.5 6.0
FERTILITY 2| 11| 489 | 57.2 4.8

Table 1. Some statistics and running times for our surface decomposition and tool path generation.
We report the number of accessible regions (#A) and the number of machinable patches (#P) after
integrating the height fields and accessible regions and boundary optimization. For running times
(all in seconds), we report time needed for computing accessibility covers (t,), the total time for the
surface decomposition phase (tp), and average time for computing tool paths for each machinable
patch (&p).

Real machining. Our real machining experiments have been conducted on a CNC
6040 2200W 5-axis machine, with machinable resin board as the testing material to form
solid 3D objects. CNC cutting results and analyses are based on the default machine
setting: cutter diameter at 4.0mm, maximal feed rate at 500mm/min, chord error at
0.001mm, and spindle speed at 15,000r/min. G-code is used to transfer the tool paths.

Figure 17 shows several photographs taken of the real machining results obtained
for several freeform 3D objects of varying geometric complexity. Close-ups are provided
to show the carving paths and scallops from our iso-scallop Fermat spirals. Please also
check out the supplementary video to see the Fermat spirals in action.

Comparison to conventional tool paths. The two most frequently adopted tool path

patterns for CNC machining are zigzag and contour parallel (also referred to as iso-
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contour) paths. In Figure 16, we compare visually the scallop height distributions for
zigzag paths, contour-parallel paths, and Fermat spiral paths generated by our method.
All the zigzag and contour-parallel paths were generated with the NX package from
Siemens PLM Software [2016]. Siemens NX, formerly known as NX Unigraphics, is a
high-end CAD/CAM/CAE software package. Overall, our results exhibit a higher degree
of height uniformity with the same path spacing.

maxplank

kitten
Fig. 15. Continuous iso-scallop Fermat spirals generated by our method, over patches with diverse

geometric characteristics. To ease visualization, we show carving paths obtained at a low resolution.
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Table 2 shows statistics collected for the three kinds of tool paths, including real
machining time using the CNC 6040 2200W 5-axis machine. The tested patches are
shown in Figure 15 and Figure 2. Unlike the Fermat spiral paths we produce, zigzag and
contour-parallel paths are not always able to cover an entire patch using a single traversal,
resulting more than one tool path segments. The segment counts are expected to increase
when the patch boundary is wavier or contain more thin structures or multiple
components, as in the case of the Fertility and Kitten patches with holes. In terms of real
machining time, our iso-scallop Fermat spirals generally outperform zigzag and contour-

parallel paths, while the improvement over contour-parallel paths is more marginal.

A\

Fig. 16. Visualizing scallop heights over several machined patches using our Fermat spiral paths
(left), conventional zigzag paths (middle), and contour parallel paths (right). Red regions indicate

higher residual marks.

Patch || #sgZ | #sC | #sgF | 2mZ | %tnC | 2tmF | tz | tc | tr
#1 (BUNNY) o] 4 1] 71% | 47% [ 1.5% | 450 [ 368 | 342
#2 (FERTILITY) 18] 6 1] 6.6% | 4.0% | 3.8% | 1908 | 1054 | 1034
#3 (MAXPLANK) 5] 1 1] 76% | 60% | 2.5% | 245 | 232 | 205
#4 (SQUIRREL) 1 1| 60% | 28% | 1.9% | 539 | 428 | 416
#5 (KITTEN) f.| 2 1] 74% | 37% | 2.8% | 469 | 381 370

Table 2. Comparing zigzag (Z) and contour-parallel (C) tool paths generated by commercial software
packages to iso-scallop Fermat spirals (F) generated by our method. We report results on patches
shown in Figure 15 using the following statistics: number of tool path segments (#sgZ, #sgC, and
#sgF); percentage of sharp turn points (%tnZ, %tnC, and %tnF), and real machining time in seconds
(t; , tc, and tg), using the CNC 6040 2200W machine.
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To count the number of sharp turns along a tool path , we uniformly sample 50, 000
points along m and at each point, we estimate its integral curvature [Pottmann et al. 2009]
with a circle of radius 0.2mm, which is appropriate for the size of fabricated layers and
the default fill with in our experiments. A point is deemed to represent a sharp turn if the
smaller of its associated area coverage for curvature estimation is less than 30% of the
circle area. In Table 2, we report the percentages of points deemed as sharp turns. It is
quite evident that the number of sharp turns produced by connected Fermat spirals is

much lower than that of zigzags.

Fig. 17. Photographs and close-ups of real machining results for full 3D objects, following our fully

automatic method for surface decomposition and tool path planning. The results were obtained using

a CNC 6040 2200W 5-axis machine, with machinable resin board as the testing material.
7 DISCUSSION, LIMITATION, AND FUTURE WORK

Subtractive processes via CNC machining still dominate the manufacturing industry
today. The CNC setup and tool path planning problem is rather complex in practice due
to the multitude of factors that are at play. Most, if not all, of the factors involve geometry
optimization spanning a diversity of forms and search spaces. The method we present
focuses on two particular aspects of the problem: accessibility decomposition and
efficient iso-scallop tool path generation, aiming for a fully automatic optimization.
Results and comparisons to conventional tool paths demonstrate the effectiveness of our
decompose-and-spiral-carve (DSCarver) approach.

The original Fermat spirals of Zhao et al. [2016] were developed for layered
manufacturing. Our extension to curved surfaces shares all the desirable properties
offered by this class of space-filling curves. In fact, Fermat spirals appear to be even

more suited to CNC machining than to 3D printing via fused deposition modeling. The
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particular characteristics of Fermat spirals imply that gaps between tool paths may take
relative long to fill. As a result, FDM using these tool paths may suffer from reduced
material cohesion between adjacent and parallel tool paths since the long delay can cause
material to cool down. Such issues are not encountered during CNC machining. In our

work, we show that Fermat spirals can be adapted to produce iso-scallop carving paths

for CNC.

Fig. 18. Surface decomposition (two views are shown) and tool path planning results on an

engineering/CAD part obtained by our method.

Engineering/CAD parts. We reiterate that the goal of our current work is to
automate CNC machining of free-form 3D objects, not typical CAD/engineering parts.
Also, Fermat spirals excel as tool paths for surface patches with wavy boundaries and
irregular interior undulations, which are not characteristic of CAD models.
Decompositions of CAD models with sharp features should respect these features, but
neither the height field decomposition nor our accessibility analysis is feature-sensitive.
In Figure 18, we show surface decompositions and tool paths obtained by our method on
a CAD part. Clearly, the sharp features of the part would have been better accentuated if
the tool paths were to conform to these features; this would require a feature-sensitive
decomposition. One possibility would be to replace the height field decomposition with
a feature-sensitive one, and we leave this for future work.

Practical CNC machining issues. DSCarver overlooks several such issues pertinent

to CNC machining, including fixture design, cutter switching, and rough- vs. finish-stage
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machining. We also do not address situations of inaccessibility, e.g., tunnels or hollow
parts, that are due to the physical (e.g., size) limitation of the cutter. In our work, we
focus on finish-stage machining with a fixed cutter width and without factoring in
constraints arising from fixture design. How a 3D object is clamped on object orientation.
In other words, fixture placement is a factor that should be incorporated into tht MINORI
problem. At the same time, fixtures affect cutter accessibility, namely, any surface
regions that are attached to or covered by the fixture would be inaccessible. In general,
fixture design is a highly non-trivial geometry optimization problem [Hazarika et al.
2015] and deserves separate investigation; it does seem to share some commonality with
connector designs [Koyama et al. 2015]. Last but not the least, we only consider 3+2
machining where the CNC cutter holds a fixed orientation. Tool planning for full 5-axis
CNC would involve a full five-dimensional search.

Rough surfaces. We experimented our machining algorithm mostly on locally
smooth surfaces. For a 3D object whose surfaces are filled with many small concavities,
small areas of the surface may not be reachable by the cutter. In such situations, CNC
can benefit from approximating the surface with few height fields to reduce the number
of 3+2-axis setups for machining. This is a strong merit of the work by Herholz et al.
[2015] and is applicable here.

Global continuity of carving path. Our current method does not produce a globally
continuous carving path over the whole accessibility region; the cutter needs to retracted
to adjust to a different 3+2- axis setup when switching between different machinable
patches. Global continuity may be possible using a full 5-axis CNC machine as its cutter
head can move in five degrees of freedom, but this is a new tool planning problem.
Another possibility is to only apply the 5-axis pass during the transitioning phase
between machinable patches. Both problems are worth investigating in future work.

Future work. An obvious next step is to investigate the applicability of DSCarver
for rough-stage machining, where the distinction, as well as challenge, is that the shape
to be carved changes after each cutter pass over the surface. Along the same lines, it
would be interesting to integrate our algorithm to existing practices from state-of-the-art
CAD/CAM systems. Finally, automatic fixture design which combines accessibility and
machinability analyses and globally continuous iso-scallop Fermat spirals under full 5-

axis CNC machining are both intriguing problems to explore.
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